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Abstract

Scattering of elastic waves in heterogeneous media has become one
of the most important problems in the field of wave propagation due
to its broad applications in seismology, natural resource exploration,
ultrasonic nondestructive evaluation and biomedical ultrasound.
Nevertheless, it is one of the most challenging problems because of
the complicated medium inhomogeneity and the complexity of the
elastodynamic equations. A widely accepted model for the propagation
and scattering of elastic waves, which properly incorporates the
multiple scattering phenomenon and the statistical information of the
inhomogeneities is still missing. In this work, the author developed a
multiple scattering model for heterogeneous elastic continua with strong
property fluctuation and obtained the exact solution to the dispersion
equation under the first-order smoothing approximation. The model
establishes an accurate quantitative relation between the microstructural
properties and the coherent wave propagation parameters and can be
used for characterization or inversion of microstructures. Starting from
the elastodynamic differential equations, a system of integral equation
for the Green functions of the heterogeneous medium was developed
by using Green’s functions of a homogeneous reference medium. After
properly eliminating the singularity of the Green tensor and introducing
anew set of renormalized field variables, the original integral equation is
reformulated into a system of renormalized integral equations. Dyson’s
equation and its first-order smoothing approximation, describing the
ensemble averaged response of the heterogeneous system, are then
derived with the aid of Feynman’s diagram technique. The dispersion
equations for the longitudinal and transverse coherent waves are then
obtained by applying Fourier transform to the Dyson equation. The
exact solution to the dispersion equations are obtained numerically.
To validate the new model, the results for weak-property-fluctuation
materials are compared to the predictions given by an improved weak-
fluctuation multiple scattering theory. It is shown that the new model is
capable of giving a more robust and accurate prediction of the dispersion
behavior of weak-property-fluctuation materials. Numerical results
further show that the new model is still able to provide accurate results
for strong-property-fluctuation materials while the weak-fluctuation
model is completely failed. As applications of the new model, dispersion
and attenuation curves for coherent waves in the Earth’s lithosphere, the
porous and two-phase alloys, and human cortical bone are calculated.
Detailed analysis shows the model can capture the major dispersion
and attenuation characteristics, such as the longitudinal and transverse
wave Q-factors and their ratios, existence of two propagation modes,
anomalous negative dispersion, nonlinear attenuation-frequency
relation, and even the disappearance of coherent waves. Additionally, it
helps gain new insights into a series of longstanding problems, such as
the dominant mechanism of seismic attenuation and the existence of the
Mohorovici¢ discontinuity. This work provides a general and accurate
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theoretical framework for quantitative characterization
of microstructures in a broad spectrum of heterogeneous
materials and it is anticipated to have vital applications
in seismology, ultrasonic nondestructive evaluation and
biomedical ultrasound.

Keywords: Multiple scattering, Mohorovi¢i¢ Discontinuity,
Elastic Continua.

Introduction

Scattering of elastic waves is the central topic in the
theory of elastodynamics and its applications cover a broad
spectrum of physical and engineering disciplines, ranging
from seismology, natural resource exploration, ultrasonic
nondestructive evaluation to biomedical ultrasound.
Multiple scattering is a universal phenomenon which
occurs in any materials that exhibit spatial fluctuation
of elastic moduli or density. The planet Earth is a typical
heterogeneous media. Geophysical studies show the rocks
constituting the lithosphere, typically with a characteristic
size from several hundred meters to tens of kilometers,
exhibit strong fluctuations in both the elastic stiffness and
the density. A seismic wave gets scattered by large amounts
of such inhomogeneities during its travel from the source,
normally tens of kilometers beneath the Earth’s surface,
to the observation station located up to thousands of
kilometers away from the epicenter. As a consequence, the
seismic signal experiences multiple scattering and appears
as a wavetrain consists of several dispersive and attenuating
direct arrivals followed by a long duration of coda waves.
Multiple scattering theory is a necessary tool for the
explanation of measured signals and extracting statistical
information of the heterogeneous lithosphere. A series of
classics in seismology [1-4] are devoted to seismic wave
scattering and attenuation and numerous research papers
have also been published [5-33]. Geophysicists also make
use of man-made earthquakes and borehole explosions
to explore oil and gas reservoir [34-36]. Porous rocks
saturated by hydrocarbon-enriched liquid mixtures are the
major constituent of oil and gas reservoir, of which the mass
density and elastic modulus are significantly different from
that of tight rocks. By analyzing the unique dispersion and
attenuation of the artificial seismic waves, geophysicists can
identify the reservoirs, infer its mineral constituents and
evaluate reserves of the resources. Ultrasonic waves with
a central frequency of several megahertz are extensively
used in industry for nondestructive characterization of
microstructures in heterogeneous materials, such as high-
temperature alloys, composite materials or ceramics [37-
68]. The typical size of the microstructure in these materials,
such as pores, grains, crystallites and microtextured regions,
lies between a few micrometers to several millimeters,
thus the wavelengths are comparable to the characteristic
dimension of the microstructures. In this frequency regime,
the wave-scatterer interaction is relatively strong and the
multiple scattering theory is extremely important for the
analysis of measured signals. In analogy to its industrial
applications, ultrasound is also used in medicine to diagnose
and monitor certain diseases, like cancer and osteoporosis
[69-77]. Bone quantitative ultrasound is a typical example

of such applications. Cortical bone is a typical two-phase
elastic material composed of a porous solid frame saturated
by marrow. Clinical studies reveal that the porosity and
average pore size are the key microstructural parameters
that control the risk of bone fracture. Consequently, there
is an increasing interest in quantitatively characterizing
the microstructures in cortical bone [70]. X-ray
microtomography (XMT) and nuclear magnetic resonance
(NMR) analysis show the diameters of the majority of pores
lie between 20 um and 300 um, while the volume fraction of
pores varies between 5% and 30% [78]. These two factors
combine to determine that the propagation of ultrasound in
cortical bone is dominated by multiple scattering.

From the above discussion, we see an accurate and
quantitative description of multiple scattering is of vital
importance to the success of ultrasound applications.
Nevertheless, theoretical analysis of multiple scattering
in heterogeneous media is exceedingly challenging.
Complexitiesofthescatteringproblemarise fromtwoaspects.
First, the mass density and/or elastic stiffness vary randomly
with spatial coordinates, thus the governing equations are
stochastic differential equations, conventional mathematical
physics approaches developed for deterministic equations
become invalid for these materials. Second, there exist large
amounts of interfaces among different phases, where the
boundary conditions, i.e., the continuity of displacement and
traction must be enforced. As a consequence, obtaining an
accurate analytical solution to the complete set of boundary
value problems quickly becomes intractable. Solving for the
numerical solution to this problem is equally difficult. The
material properties (density and/or elastic moduli) exhibit a
sharp jump across the boundaries, and accurate description
of the discontinuity is impossible for certain numerical
method, like the finite-difference time domain approach.
In addition, large quantities of irregular boundaries exist in
the medium, for which an accurate depiction in numerical
models is also challenging. Moreover, large amount of
meshes or elements makes the numerical simulation of
the wave scattering extremely time-consuming, especially
for the case of strong-property fluctuation materials and
high frequency signals. Finally, numerical dispersion and
artificial excitation or consumption frequently contaminate
the numerical algorithms and result in distorted signals.
Therefore, significant efforts have been directed to
developing approximate analytical models for wave
propagation in heterogeneous media.

During the last century, pioneering scientists have made
tremendous efforts in studying the multiple scattering
of waves and proposed numerous theoretical models to
explain the rich phenomena. Based on the fundamental
assumptions and methodologies, theoretical models can be
classified into two categories, one is called the macroscopic
phenomenological models, the other is known as the
scattering models. Phenomenological models are also known
as homogenized effective medium models, which focus on
searching for different homogenization schemes to obtain
the effective constitutive properties. The mostrepresentative
example of phenomenological models is developed by
Biot in his pioneering research on fluid-saturated porous
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materials [79-81]. In Biot's theory, two sets of field
variables (displacement, strain and stress) are introduced to
describe the motion of the solid phase and the fluid phase,
respectively. The equations of motion of a representative
volume element for the two-phase material were derived
from the Lagrange equations of a specific kinetic energy
density, in which a set of mass coefficients were introduced
to account for the coupling interactions between the two
phases. After taking divergence and curl of the governing
equations, Biot obtained two independent equations for
the dilatational waves and one for the transverse waves, by
which he further predicted the existence of two longitudinal
propagation modes, known as the Biot waves of the first and
the second type, and a transverse mode. In 1980, Plona [82]
conducted a series of ultrasonic immersion tests on a slab
of porous elastic material. After analyzing the transmitted
signals with different incident angles, he identified a slow
longitudinal mode in addition to the fast longitudinal wave
and the transverse wave. He concluded that these waves
correspond to those predicted by Biot. Since then, Biot’s
model becomes the standard method for dealing with wave
propagation in fluid-saturated porous elastic materials and
is widely used in geomechanics, hydrogeology, petroleum
exploration and more recently in biomechanics [70,83-88].
However, it is generally acknowledged that Biot's model
have a number of drawbacks. One shortcoming is that
the fluid viscosity is regarded as the sole mechanism for
attenuation, while the portion contributed by scattering is
completely neglected. It is reported that Biot's model always
underestimate the attenuation [86-88]. Another noteworthy
defect is that a number of phenomenological parameters,
such as the frequency correction factor of the viscosity
coefficient and the structural factor are involved, which
either have obscured physical meaning or the accurate values
are difficult to measure experimentally. Furthermore, Biot’s
model cannot predict the anomalous negative dispersion
as observed in cortical and trabecular bone [70,73,89], and
fluid-saturated sediment sand [90]. Additionally, numerical
results show it cannot predict the velocity and attenuation
accurately and simultaneously [70]. In order to remedy
these deficiencies, researchers have proposed different
versions of modified Biot’s model. Dvorkin and coworkers
incorporate the effects of local squirt flow into Biot’s model
and developed the so-called BISQ model [19-21]. The BISQ
model achieves certain degree of success in regards to
improving the estimation of seismic attenuation. Muller and
Gurevich [26-27] considered the effects of both the wave-
induced flow and scattering on the seismic attenuation and
derived a statistical smoothing approximation theory based
on the Biot equations. Johnson and coworkers introduced the
concepts of dynamic permeability and dynamic tortuosity to
describe the fluid-saturated pores in the solid frame [91]. It
has been applied in analysis of ultrasound dispersion and
attenuation of trabecular bones and achieved intermediate
degree of success [70]. Another type of macroscopic
phenomenological method is known as the dynamic self-
consistent theory. In analogous to the static self-consistent
theory [92-95], in which the stress polarization as
introduced, Willis and Sabino [59-64] adopted the concept
of the momentum polarization for dynamic problems and

derived a system of coupled integral equations for the
ensemble-averaged displacement and strain. A set of self-
consistent conditions are derived to fix the properties of
a homogeneous reference medium. Formulas for waves
propagating in general two-phase composite materials
are then specialized for the cases of aligned spheroidal
inclusions and randomly oriented spheroids. Numerical
results for velocity and attenuation shows that their model
can successfully capture the negative dispersion, which
is a common feature of two-phase materials. An obvious
drawback of the model is that at high frequencies, the
attenuation predicted by the model approaches zero, which
is physically impractical. In light of Willis and Sabino’s work,
Zhuck and Lakhtakia [96-97] incorporated the second-order
statistics of the random medium and developed a system of
renormalized integral equations for the estimation of the
effective constitutive properties. In the proposed model,
they first considered the singularity of the elasodynamic
Green’s tensor, and thus their results are applicable for
elastic materials with strong property fluctuation. As pointed
out in their work, a major drawback of the homogenization
approach is that it is only valid for heterogeneous materials
in which the characteristic dimension of the heterogeneities
is less than the wavelength of the excitation signals, i.e., at
relatively low frequencies. Through the above discussion, it
is seen different versions of effective medium models have
several shortcomings in common. The most noteworthy is
that they are valid either at relatively low frequencies or in a
relatively narrow frequency band, none of them can predict
the effective properties in the whole frequency range. This
puts server limits on practical applications, for instance,
analysis of high frequency signals. Another disadvantage
is the introduction of phenomenological parameters which
require to be measured experimentally or need to be known
in advance. These limitations pose challenges for practical
applications and consequently, they are rarely used as
inversion models for microstructure characterization.

Contrary to phenomenological models, whose attention
is concentrated on searching for an equivalent homogeneous
medium, scattering models are focused on investigating
the interaction of wave fields with randomly distributed
small-scale scatterers. Parameters of practical importance,
such as backscattering coefficients, scattering cross section,
diffusivity and mean free path, in addition to the velocity
and attenuation, are extracted through the analysis of the
scattering process. At present, a vast variety of scattering
theories and approximations have been proposed. All
these scattering theories can be classified into several
categories following different classification schemes. For
instance, according to the frequency range in which they
are applicable, scattering theories can be classified into low
frequency, stochastic and high frequency theories. Based on
the fractional fluctuation of the material properties of the
constituent phases, scattering theories are also classified into
weak scattering theories [2,16,48,98] and strong scattering
theories [99-109]. In view of stochastic medium model,
scattering models can also be classified into discrete scatterer
models [110-119] and continuum models [2,16,48,98].
In order to obtain a comprehensive understanding of the
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background of this area, here we give a brief overview of the
most popular models and approximations, and compare their
advantages and disadvantages. The Born approximation
is probably the most famous approximation used in
the scattering community. When the fluctuations of the
materials properties are weak, and the wavelength is large
compared to the typical dimension of the heterogeneities,
the field in the inclusions can be approximated by the
unperturbed field. This approximation is called the Born
approximation. The Born approximation is an ideal tool
for dealing with weak scattering problems, and it has been
used in nearly all involved disciplines, including seismology
[1-3], ultrasonic NDE [37-41] and electromagnetic remote
sensing [120-122]. Explicit expressions for measurable
quantities like the scattering section and the backscattering
coefficient of polycrystalline materials are derived in [37-
41]. Born approximation fails in the high frequency regime
and for strong fluctuation materials. Complementary to
the Born approximation, the Rytov approximation, the
geometric approximation and the parabolic approximation
[3,123-124] are developed to analyze scattering behavior
in the high frequency regime, although they are still limited
to weak scattering problems. When the concentration of
the inclusions is low, or in other words, the solid is a dilute
solution of the dispersed inclusions, a straightforward
approximation is to omit the interactions among different
inclusions, and assume that each scatterer interacts with
the incident wave independently, this approximation is
called the independent scattering approximation (ISA) [18,
33,41]. ISA is applicable to inclusions with weak property
perturbation or predict the dispersion and attenuation
accurately when the volumetric concentration of the point-
scatterers is very small.

Multiple scattering theories account for the sophisticated
scattered wavefield faithfully and aim at giving an accurate
and consistent description of the propagation behaviors.
Rossum and Nieuwenhuizen [125] and Barabanenkov
et. al. [126] gave two excellent reviews for the historical
development and the current state of general multiple
scattering theories. The first multiple scattering theory
for elastic waves was developed by Karal and Keller [98].
This model relies on the small-perturbation expansion of
differential operators and their inverse operators. After
successive iteration of the series expansion of the wave
operator, the differential equations are transferred into a
system of integral equations, from which the Christoffel
equation for the coherent plane waves is then derived. Based
on Keller’s approximation, they obtained analytical formulas
for the velocity and attenuation which are valid in the whole
frequency range. Stanke and Kino [46-47] developed a
unified model for polycrystalline materials in parallel to
the Karal-Keller approach. This model has been applied
in nondestructive characterization of microstructures in
polycrystalline alloys. Exact dispersion and attenuation
of alloys with cubic crystallites are obtained in the whole
frequency range. Weaver [48] developed the first multiple
scattering theory based on Dyson’s equation and the first-
order-smoothing-approximation (FOSA) [127-128]. The
Dyson equation of the ensemble-averaged Green’s function

for polycrystalline medium was obtained by introducing
a multiple scattering series expansion of the stochastic
differential equations. By invoking the First-Order-
Smoothing approximation (FOSA), the explicit expressions
of the mass operators were derived for longitudinal and
transverse coherent waves. Closed forms of longitudinal and
transverse Green’s functions and dispersion equations were
then obtained based on the FOSA Dyson’s equation. Because
of the extreme complexity of the resulting expressions, the
Born approximation was adopted in the last step and the
closed-form analytical expressions for longitudinal and
transverse wave attenuation were obtained. As pointed
out in [48], the final expressions are only valid for weak
fluctuation materials and low frequency waves. Since then,
Weaver’s model has become one of the most widely used
modelinthe nondestructive evaluation community. Weaver’s
original work considered untextured polycrystals with
spherical cubic grains only. Turner [57] extended Weaver’s
model to incorporate the effects of textures. He studied
equal-axed cubic polycrystal with the crystallographic axis
aligned along a preferred direction. Green’s functions for
transversely isotropic reference medium are incorporated
to account for the macroscopically transverse isotropy of
the textured polycrystals. Turner and Anugonda further
considered two-phase materials with microscopically
isotropic components [58]. It is noted that both [57] and
[58] focus on the attenuation under the Born approximation,
while the exact solution to the exact dispersion equation
is still missing. Moreover, it is seen that only one root for
attenuation is found for all propagation directions. Calvet
and Margerin calculated both the velocity and the Q-factors
of polycrystalline materials with cubic and hexagonal
crystallites using Weaver’s model, with an ultimate goal to
analyze the grain anisotropy of the Earth’s uppermost inner
core [13]. All the previous calculations in the framework
of Weaver’s model adopt the Born approximation and
valid in the low frequency regime only. In order to obtain
the propagation characteristics at high frequencies, Calvet
and Margerin [12] proposed a spectral function approach,
in which the imaginary part of the ensemble averaged
Green’s function derived in Weaver’s model is identified as
the spectral function. By introducing a simplified spectral
function of the coherent waves and invoking the method of
least square fitting, the dispersion and attenuation of the
coherent wave are reconstructed from the exact spectral
function. They first discovered that at high frequencies
there exist two sets of longitudinal and transverse modes,
although at the end of the paper they questioned the
discovery by providing a subtle example for which there
should be one propagation mode but their calculations gave
two. Calvet and Margerin further extended Weaver’s model
to incorporate the effects of grain shape [14]. An interesting
phenomenon is that the attenuation and dispersion exhibit
obvious anisotropy as a result of the geometric anisotropy. A
noteworthy feature of the spectral function approach is that
it is only an approximation to the exact solution. Solving for
the exactsolution to the dispersion equation derived from the
FOSA Dyson’s equation is still very challenging. Recently the
author conducted comprehensive study on Weaver’s model
and the spectral function approach and obtained the exact
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solution to the dispersion equations [129]. By comparing the
accurate solution with the results obtained using the spectral
function approach, it is recovered that the spectral function
method is valid at low and high frequencies only, and in
the stochastic transition region it gives incorrect results.
Most importantly, the performance of Weaver’s model for
two-phase materials is quite unstable, in certain cases it
gives physically impractical results. Both Weaver’s model
and Stanke-Kino’s model use the Voigt-average material
as the homogeneous reference medium. Turner pointed
out the Voigt-averaged velocities always overestimate the
velocities that measured in experiments [49]. To remedy
this discrepancy, he introduced a self-consistent scheme
to calculate the properties of the homogeneous reference
medium, and incorporated these material properties into
Weaver’s model [50]. Through comparison of the results
obtained by different homogenization schemes, such as the
Voigt, Reuss, Hill and self-consistent techniques, he concluded
that the self-consistent method significantly improves the
predictions of the dispersion and attenuation. It is worth
mentioning that all these scattering theories are valid only
for weak scattering media because the small-perturbation
expansion is adopted for the description of property
perturbation. A number of multiple scattering theories are
also developed based on the discrete-scatterer model. One
such theory is known as the generalized coherent potential
approximation (GCPA) [110-112]. Based on the observation
that waves propagating in the homogeneous effective
medium should have no scattering at low frequencies and
have very little scattering in the high frequency range, Sheng
[110] proposed that the dispersion equation can be obtained
by enforcing the mass operator vanish at low frequency and
assuming its minimum in the high frequency range. Further
approximations are introduced in order to make the resulting
equations solvable, such as the T-matrix approach. The
dispersion curve for liquid suspensions with monodispersed
methylmethacrylate spheres are obtained and it shows that
in the intermediate to high frequency range, there exist two
propagation modes, which was observed experimentally by
[113]. Sheng and coworkers developed the theory for liquid
suspensions and electromagnetic waves only while the
counterpart theory for elastic materials is still missing. Foldy
[114] and Twersky [115,116] developed another multiple
scattering theory based on the discrete scatterer model. In
their model, the complex wavenumber is expressed explicitly
using the far-field scattering amplitude of a single inclusion.
The results are applicable when the volume concentration
of the scatterers is low. Quasi-crystal approximation [60-
61,117,118] is another discrete scattering model applicable
for heterogeneous media in which inclusions are located on
aregular lattice. The range of validation of different versions
of scattering theories are summarized in table 1.

aWeaver’s model gives reasonable predictions for the
velocity and attenuation of polycrystalline alloys in the whole
frequency range [129], but it gives unstable predictions for
two-phase materials, as shown in this work.

bStanke-Kino’s model has been shown to be equivalent to
Weaver’s model. For polycrystalline alloys, it gives nearly the
same results as that given by Weaver’s model [50]. However,

numerical results for two-phase materials calculated using
this model are unavailable.

From table 1 it is seen that the adoption of different
types of approximation puts severe limitations on the
scope of applications of the existing models. Although
each model achieves a certain degree of success, a general
multiple scattering theory for heterogeneous materials
with strong property fluctuations and valid in the whole
frequency range is still missing. As a consequence, the exact
dispersion and attenuation behavior of coherent waves
have not been obtained yet. Moreover, there are also a
number of fundamental problems, such as the dominant
mechanism of seismic wave attenuation [9], the existence of
the Mohorovici¢ discontinuity [130-132], applicability of the
Kramers-Kronig relation to multiple scattered elastic waves
[65,66,133,134], and anomalous negative dispersion of
cortical bone [70,73] are full of controversy in the scientific
community. Intrigued by the limitations of the existing
models, in the present work the author aims at developing
a most universal theoretical framework that applicable to a
large variety of heterogeneous elastic materials, regardless
of weak or strong property fluctuation, with low or high
volumetric concentration of inclusions, excited by low or
high frequency signals, while giving up all the conventional
approximations. Based on the exact solutions to the new
model, this work will also provide a series of completely new
explanations to the longstanding problems. In addition, it
will be demonstrated that the new model is a real prediction
model that can be used for microstructure inversion and
seismic/ultrasonic data interpretation.

The contents of subsequent sections are arranged as
follows: Section II presents the rigorous development of the
new model, including Green'’s function of the heterogeneous
medium and its integral representation, singularity of
the Green tensor, derivation of the renormalized Dyson’s
equation using Feynman’s diagram and the first-order-
smoothing-approximation, solution of the Dyson equation
and the dispersion equations. In Section III, the exact
solutions for the dispersion and attenuation of longitudinal
and transverse waves will be discussed. The advantages of

Table 1: Ranges of validation of common scattering models and approximations.

Biot’s model x \ solid-fluid V| x
Weaver’s model N N N o X N v
KA, S-K model J b x J vV
Foldy-Twersky « « N N N N NVAN|
model
SFA N x| A J x VoA |V x
BA x | NN d x
RA, PA N x| ox \/ x
ISA, SSA x| x| A J J N ox x|
FSA, GA Vo ox | ox N x
GCPA x| ox N v | x x
QCA x| x| N J R
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the new model will be demonstrated through comparison of
the numerical results with that calculated from a multiple
scattering theory for weak-property-fluctuation materials.
Section IV presents a series of practical applications of
the new model in seismology, ultrasonic NDE and bone
quantitative ultrasound. To show the power of the model, we
calculate the exact dispersion and Q-factor curves of seismic
waves propagating in the Earth’s lithosphere, the dispersion
and attenuation of ultrasonic waves in porous aluminum
and Cu-Al alloy, and the dispersion and attenuation curves of
ultrasound in human cortical bone. Through comprehensive
parametric study, we show that the new model can give a
concise and consistent explanation for a broad spectrum
of observed scattering phenomena, such as the Q-factors
of seismic waves, negative dispersion in bone, spectral
splitting and occurrence of two modes. In section V, we give
a brief discussion on how to perform successful numerical
and experimental verifications of the model. Future work
on extension of the current model to incorporate more
complicated microstructures are also presented. Finally, the
unique features of the new model are summarized and the
major conclusions are highlighted in Section VI.

Theoretical Fundamentals

In this section, we present rigorously the theoretical
development of the new multiple scattering theory for
strong-property-fluctuation elastic continua. It needs to
mention that mathematics plays a central role in developing
the new multiple scattering model. A series of advanced
mathematical techniques, including tensor analysis, system
of integral equations, singularity techniques, Feynman's
diagram, statistical theory of heterogeneous medium,
Fourier transform, theory of complex variables and advanced
numerical techniques provide us a precious opportunity to
develop an accurate and universal theory while introducing
as less approximations as possible.

From the theory of elastodynamics we know, the local
wave motion in an inhomogeneous media is governed by
a set of partial differential equations (PDEs), known as
the Navier-Lamé equations [135]. Boundary conditions
are specified by the continuity of stress and displacement
across the phase boundaries. Thus, the multiple scattering
problem is essentially a sophisticated PDE boundary
value problem (BVP). From a mathematical point of view,
the integral equation (IE) description and the PDE BVP
description comprise two equivalent and complementary
representations for the same problem. While the PDE
BVP description is frequently utilized to solve scattering
problems of a single or a finite number of scatterers with
regular geometry [135,136], the IE description has proven
to be more convenient for dealing with scattering problems
in inhomogeneous media with multiple irregular inclusions
or even randomly distributed scatterers [48,98,137,138].
Transforming the multiple scattering problem from the PDE
BVP description into the IE description is the first key step
for the development of the new theory. Green’s function
plays a vital role in this transformation procedure. As a
fundamental solution to the elastodynamic equation, Green’s
function contains the complete information of the whole

system and can be used to analyze more complicated source
distributions or time varying excitations. When transferred
into the frequency-wavenumber domain, Green’s function
canalsobeusedto extract dispersion behaviors of plane wave
components propagating along different directions. Due to
its extreme significance for the theoretical development of
this work, we first perform comprehensive study on Green’s
functions of heterogeneous media.

Green'’s function and its integral representation

Before embarking on the analysis of wave scattering in a
general heterogeneous medium, we first consider the most
fundamental problem: scattering of elastic waves by a single
inclusion in an infinite homogeneous elastic medium.

Green’s function of a homogeneous medium with a
single inclusion: The time-harmonic wave propagation
in a heterogeneous medium is governed by the classic
elastodynamics equation [135], given by:

(1)

where w is the circular frequency, u, denotes the
displacement components, p(x) and CUH(X) are the mass
density and elastic stiffness. The elastic stiffness has the
following symmetries:

[ (O, ], + p(X)0’u, =0,

(2)

Throughout this work the Cartesian tensor notation
is used. A bold-faced letter represents a vector, tensor or
matrix, and italic letters with subscript indices represent
tensor components or matrix elements. A comma followed
by a coordinate index means taking partial derivative
with respect to the corresponding spatial coordinate. The
Einstein summation convention, i.e., a repeated index
implies summation over that index from 1 to 3, is assumed
in this work.

Ciu x)=c i x)= Cye x)= Cuy (x).

"

Inclusion

Substraty Substmtej

Figure 1: Definition of the single-inclusion Green’s function (a) and the
homogeneous Green’s function (b).

Consider an infinite homogeneous elastic medium
in which an inclusion with different density and elastic
stiffness is embedded, as shown in figure 1(a). The quantities
pertaining to the homogeneous medium and that to the
inclusion are discriminated by an attached index “(0)” or
“(1)”, respectively.

Green’s function is defined as the resulting field excited
by a time-harmonic unit concentrated force F applied at a
genericpoint O' alonge_, where e_represents the coordinate
basis of a source-region coordinated system with its origin
located at O'. The coordinate basis of the coordinate system
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0'x'y'z' by no means needs to be the same as that of the
coordinate system Oxyz, so at this point we assume they are
different from each other. The portions of the field in the
substrate and in the inclusion are governed by two different
sets of equations, which are given by:

3Gy, +p"0’G, + Fa,6(x-x) =0, in V,, (3)
&G + %G, + Fayd(x-X)=0, in V,, 4

where V and V, represent the volumes occupied by the
substrate and the inclusion, respectively, and a, denotes the
directional cosine of e , i.e., a, =cos(e,.e,) .

Suppose the inclusion and the substrate are perfectly
bonded, so the stress and displacement are continuous at
the boundary of the inclusion, thus we have

G (x> SN, =G (x> SN, G, (x>5)=G,(x=>5),

ikl ikl
onS. (5)

In order to obtain the integral representation of
the perturbed Green’s function, we now consider the
corresponding homogeneous Green’s function, which is
defined as the field induced in the same medium but in
the absence of the inclusion by a unit concentrated force
F applied at another point O" along e, as shown in figure
1(b). e, is the coordinate basis of a new coordinate system
0"x"y"z" which is used to describe the source distribution in
the homogeneous medium. This function satisfies:

c;jil)Glig)",lj +Fa, 5(x-x")+ pV0’GY = 0. (6)
Multiplying Eq. (6) and Eq. (3) by G, and G\,

respectively, and then subtracting the resulting equations,
we obtain:

G, G, -G, 60+ Fuy G, S(x~x')~Fa, GL6(x—x) =0, (7)
Multiplying Eq. (6) and Eq. (4) by G, and G,

respectively, and then subtracting the resulting equations,
we obtain:

OGO, .G, —chG

ikl Tka" i T ia’ ijkl

+Fa,,.G,0(x—x")— Fa,G25(x—x")=0.

©0) 4 ) 2~(0) M2 )
G, +p GG, —p o G,G,

ka' i ia"

(8)

Appling product rule of partial derivatives to Egs. (7) and
(8), we get:

(0) (0) (0) —~(0) (0) 0)
il Grar 1G]l ; = CuiGiar 1Oy — (€330 O 1 Gia? 1

ijkl ka", 1™~ ia (9)
)
(0) (0) " (0) "N —
+Cit1Grar 1 Gigr ; + F0,,,G 0(x —X") = Fa,,.G,2:6(x —x") =0
(0) 7(0) (0) (0) (1) (0) (1) (0)
Cimi (G, G ].j ~Ciu Gka”JGm'.j - [c,jleku',/Gm” ].j + CWGMJG,H”.] (1 0)

+pY0’GYG,, - pV&*G, G + Fa,,G,5(x—X") - Fa,GY5(x—x) = 0.

Considering the symmetry of the elastic stiffness, Egs. (9)
and (10) can be simplified as:
G Gy, -[c5)Gy G, + Fa, .G, 0(x~x") - Fa,G'o(x-x) =0, (11)

ia"id ia ™ ia"

O =0 (1) (0) (1) (0) (0)
Cua[Grar 1G] =€ GrarsGiar 1 + (g = €3 )G 4G

ka' 1 Yia ikl ) ka' 1", j

-(p" - p"e0*G,G) + Fa, .G, 6(x—Xx")— Fa,GO5(x —x") = 0.

a'ia ia ia"ia"

(12)

Integrating Eq. (11) over the domain V, and then applying
Gauss’s divergence theorem, we obtain:

[I[ Fa, o0-x)G,dv - || L Fa 8(x~x)G, .dV

(13)

ﬂﬁx‘ [Cy(,g/)G:?t/Gm' - ,(:1) GAu',lGi(;’] ]deS +@Sl [C;'[;;GA(ZI",JGM‘ 7(”!(/2/)Gkn'./Gy(u0')](7N j)ds =0.

A negative sign is introduced in front ofNj in the integral
over S, because the out normal of volume V corresponds to
the negative of N, which is shown in figure 1. S represents
an imaginary surface that lies infinitely far from the source
and the inclusion.

Integrating Eq. (12) over the volume V, and applying
Gauss’s divergence theorem, we obtain:
(I, Fa06x=x)G,dv =[] Fa,GRsx=x)aV +f, [ Gir,G,y — Gy G IN,dS

(14)

HJJL 6 = e)6, 62, ~ (0 = p )G G A =o0.

AddingEgs. (13) and (14) and then invoking the boundary
conditions Eq. (5), we have:

1 o P8O =X")GyV mw Fa, 8(x=x)GPaV +§p_ (612 G,y = Gy G N dS
+J[J, Ky =G Gl ~ (0 = PG, GV = 0. (15)

Throughout this work we assume that all the materials
have a small damping, so both the homogeneous and the
inhomogeneous Green’s functions decay exponentially as
the distance between the source point and the field point
increases. Consequently, these functions tend to zero at
infinity and the integral over s vanishes. Furthermore, we
assume that the coordinate basis of the coordinate systems

O'xxyx; and O"xxjx; coincide with that of the coordinate
Ox,x,x,, thus 4, =35, and q,.=3,., Eq. (15) can be simplified
as:

Fy = FGE+ [[] Ll =G 62, (0" = p)0"G, GLMV =0. (16)

Finally, we obtain the integral representation of the
inhomogeneous Green function expressed in terms of the
reference homogeneous Green'’s function,

Gy = Gl +% 1T, e =G G2, + (0" = PG G av . (17)

To further simplify the expression of Eq. (17), we
decompose the density and elastic stiffness of the inclusion
into two parts, one corresponds to the ensemble averaged
value, for this case it equals to the properties of the substrate,
and the other corresponds to the property fluctuations,

1 _ .(0) (0] )
Ciw = Cijga T o Cixi> P

=p” +5p". (18)
Substitution of (18) into (17) yields:

-6¢VG, , (x,x)GY (x,x"
Ga"a,(x",x’):GL‘?}(X',X"HLHL[ (630G (X

, , (19)
F2% 460" 0’G (x,X) GO (x,x")]dV

where Green’s function of the homogeneous medium is
given by:

eikl [x—x|

ia'(xa XI» ) =

472'7‘)&*)(,

F ) eik, [x—x| F F esz\x-x'\
+
Arpew Ox,0x,

}. (20)

_‘xfx'

‘xfx'
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For a detailed derivation of this expression, readers are
referred to the author’s monograph [129]. It is seen from Eq.
(20) that the homogeneous Green’s function has the follow-
ing symmetry:

G (x,x) = (21)

Gl.(x,x') = GY.(x',x) = G (X', x).

Applying these relations to Eq. (19), we obtain:

[~ 5CIJNG]\H (XX )GLI)/(X” X) (22)

G (X'X) = GO (X" X)) + {ﬁ
"+5p"a0’G, (x,x)GO (X" X')]dV

Eq. (22) is the major result in this section. It establishes
the relationship between the perturbed Green’s function
and Green'’s function of the homogeneous medium. From a
mathematical point of view, Eq. (22) is a system of Fredholm
equations ofthe second kind, which can be solved numerically
by introducing certain discretization schemes. At this point
it is meaningful to give a physical explanation of Eq. (22).
It tells us the perturbed Green'’s function can be expressed
as a summation of the unperturbed Green'’s function and a
perturbation term, and the perturbation term is given by
a spatial convolution of the perturbed and unperturbed
Green’s function weighted by the property fluctuation.
When the fluctuation of the material properties is weak,
the perturbation of the inhomogeneous Green’s function
is small compared to the homogeneous one. Based on this
observation, M. Born suggested to replace the perturbed
Green’s function appeared in the kernel by the unperturbed
Green’s function, and thus an explicit expression for the
perturbed function is obtained. This approximation is
known as the Born approximation. Here we do not use this
approximation and proceed in an accurate manner.

Green'’s function for a heterogeneous medium with
multiple inclusions: Now we consider a medium with
multiple scatterers. A schematic diagram is shown in figure 2.

;. B

usca

inclusion 1

Sn

inclusion n
inclusion 2
inclusion N

KSubstrate

Figure 2: Schematic diagram of an inhomogeneous medium with multlple
inclusions.

Obviously, the above derivation can be straightforwardly
extended to inhomogeneous medium with multiple
inclusions, and the resulting equation is:

P [ "G (x,X)Gy (X', X)
(x x)+—

6 (n)G 0 " (23)
Fo it Ve I(XX)G 1,(" x)JdV

Gﬂ"a'( " v)

where sp™ and ¢l represent the material property
i
fluctuation of the n-th inclusion.

Oneneedstokeepinmind thatall the boundary conditions
are naturally incorporated into this equation. From Eq. (23)
it is seen that the perturbed Green’s function is expressed
as the summation of the unperturbed Green’s function and
a perturbation term which includes contribution of all the
inclusions. Meanwhile, the internal field of each inclusion
is dependent on all other inclusions and the unperturbed
Green’s function. At this point we need to point out that
by neglecting the interactions among different scatterers,
we obtain the independent scattering approximation (ISA)
of the perturbed field [38-41]. ISA is frequently used in
combination with the Born approximation and yields an
explicit expression for Gy If the property fluctuation
is weak or the volume concentration of the scatterers is
sufficiently low, each scatterer approximately interacts
with the incident wave independently and ISA can give
reasonable predictions. However, if these conditions are not
satisfied, i.e., material exhibits strong property fluctuation
or contains notable volume fraction of inclusions, the
interactions among all the scatterers cannot be ignored and
the multiple scattering theory is necessary to fully capture
the propagation behavior.

For a general heterogeneous material in which the
inclusions are densely distributed in the whole space,
the material property fluctuations are most conveniently
represented by functions of spatial coordinates, and Eq. (23)
is rewritten as:

G/,.‘,(x",x'):(r" (X X))+ — I[&p(x)w(y (X, x)(yU (x",%) = ¢, (X)G,,. (x,x')G;.,,(x",x)]dV. (24)

Here comes a peculiar problem. Since the inclusions are
densely distributed, and may occupy a finite percentage
of the total volume of the whole medium, which material
should be chosen as the reference medium? The answer to
this question will be clear after we find out the singularity
of the Green tensor and introduce the renormalization
scheme in Section II.C. Contrary to our intuition, the proper
choice of the reference material is neither either phase of
the constituent materials nor the volumetric average of the
component phases.

Integral representation of the perturbed field:
Equation (24) is the governing equation for the displacement
Green'’s function. To complete the description of the elastic
field, we also need the strain Green’s function. The strain
tensor of a general elastic medium is defined by:

(25)

1
E npr =—U v po + U o).
a'p 2 ( a"p B )
Consequently, the Green function for strain is given by:
1 l 0 "o 0 " r
E[Gm,_ah(x",x') + Gan”,‘/,y(x",x')] = 7[G v (XX + Gy e (X7,X7)]

S 2 1 0 0 0 ” 26
+i ) op(x)w E[G (X" X)+G, g L(x",X)]G,,. (X, x)—f[G jar (X",X) av ( )
F +GZ,, /ﬂv(x",x)]bc,/k,(x)GM ,(x,x")

Considering the elastic stiffness variation tensor 5Cijk1 (x) has
the same symmetry as Cia (x), we can write (24) and (26) as
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Gy (X',X) = Gy (X', X) +— I {5p(x)w Gy, (x",x)G,,(x,X")

(27)
[Gz, (X, X)+ Gy (3 X)10c, (X)E[GM(X, X)+ G (X, x')]} dav,
%[G/M(x X) 4Gy (XX)]
G )G (X {5p(x)wf%{c“-,,,< 461 (06, (1Y) (28)

[GUW( Gﬁ/m (x', x)+GWﬁ (", x)+GﬂM X x)]ﬁc”“() [GA [(x,x’)+G,u,.k(x,x')]}dV.

Equations (27) and (28) can be expressed in a matrix
form:

Gﬂ-ur(x”;x')’ ) G:'W(X"’x’) +,j' OZV'(X"’X) - /:,.”(xnﬁx) (o s, 0 (X x) dV (29)
ap (X)) || g0, (X1X) (X X) gy (XX) 0 () B

where

(30)

£y (X' X) = [ﬂ,,(x,x)+ Gy, (X", ")];Saﬁ (x" x)f—[ y,a(" X)+GY., 201,

LG K30+ Gl (K30 + Gl (330 + G (x0] 0 (B1)

0 "
Ea"/i",/<x ,X) = P

(32)

w1 , ,
Eapa (X X) == [G/“ (X' X)+ G,y /,(X" X’ e Xx):E[Gm’./(x’x)+G/a’.l.(x’x)]'

Note the homogeneous Green’s function Gj.,(x".x) given
by Eg. (20) can be rewritten as Gj..(x",x), where:

G (X", X, 0)=— -
i ) 4r p [X'-x| 4mpe’ oxlox)

"

5@ ikp|x"=x| F o eikL\x"-x\ eik,\x”-x\
X —X‘

}. (33)

X”—X‘ -

From Eq. (33) one can easily find:

oG, G,
a” =- a”” . (34)
X]. Xj

Consequently, we have the following identities:

g/j,,/.(x", X), (3 5)

sﬂu(x X)= —g/,,,(x X), € M,(X X) M,(X X), Egy (X, %) =~
where

" 1 p " " 1 "
(%) = 2 {Ge (10+ G (6700, &0 (X',X) :E[Gg,,,_a.(x X +G (0], (36)

(X", x)+ G,

B

1
0 " 0
E s (X ’X)ZZ Gy g

(X" %)+ Gy (X, X) + G (X7, X)]. (3 7)

Substituting F=1 newton into Eq. (29) and considering
the relations given by Eq. (35), we can simplify Eq. (29) as:

G/i"a'(xnf'xr) /i (X", X")
gu,,/,ya,(x",x') Erpry (X",X")
+I, //, (x", %) 5/1 e (x",%) §p(x)w2(i/ 0 |:G/n'(xax:)}dV
! ga”/l"l"(xﬂ>x) E(x"/{";"]”(xﬂbx) 0 5cgk1(x) Ep (X,X)

For the convenience of subsequent discussion, we rewrite
Eg. (38) in a more compact form:

(38)

W(x"—x)=POx"—x) + mymr(x" — )II(x)¥(x — x)d’x, (39)

where

G Gy Gis Gy G,
G, G, G, G, @
Gy, G, Gy, G G5
G G, Gy, G, G,y
V' -x)=| Gy Gas Gor | ¥W-v)=| G, G, . (40)
Gus [ Gus G, G,
Gy +Gyy Gy tGrny Gpy+Gay Gy +Gy, Gy +GY
Gius Gy Gt Gy G+ Gy (,'“" 16 G +G‘”‘ G+ G
Goy+Gz G+ Gy Gy 4G e S e e Ay
[6pe® 0 0 0 0 0 0 0 0]
0 Jdpo® O 0 0 0 0 0 0
0 0 o 0 0 0 0 0 0
0 0 0 ¢, Jc, ¢y dc, Ocs Ocy
nx)={ o 0 0 B¢, 8¢, B¢y 8¢y Sy Scy |, (41)
0 0 0  Jcy Jdcyy Ocyy; ey, Ocys Ocyg
0 0 0  Jc, dcy Ocy Ocy Ocys Ocyg
0 0 0 Jcs Jdcys Ocys ey Ocys Ocyg
| 0 0 0 ey Ocy Ocy, Ocyy OCs OCy |
A B
G =x)=| | (42)
B D
and
GU GIL;_ GI"} GlUlI GMUZZ GMDH GIUZ'( + GIUE 2 GIULI + GIUH GlUEl + GIUI.Z
A= Ggl Gf: ng » B= G_?u G?z.z G?}.} GZOZ.}+G?3.Z G?].z‘*'G:Os.l G?z.w +G§LZ ’ (43)
0 0 0
G31 G32 Gy Gzﬂu ng,z G;]zs Gzﬂz.l + Gsns.z G;]u + Gsnz.\ Glﬂm + Gsnl.z
(44)

One can easily verify that I is a symmetric matrix, i.e., "=

From Eq. (39) it is seen that the following integral is
involved:

J..”er(x" - )(x)¥(x—x)d’x,

where T'(x"-x) is composed of homogeneous Green’s
function and its spatial derivatives up to second order.
Meanwhile, we see that the domain of the integration is
the whole space of the heterogeneous medium. A question
naturally arises here: Since Green’s functions and their
derivatives are not well defined at ¢).x'v, how can we
calculate these integrals? As one can see, Green'’s functions
and their derivatives become infinite when x approaches x",
this property is called the singularity of Green'’s functions.
Obviously, Green’s function and its derivatives of different
orders tend to infinity with different speed as x approaches
x", this means that they have different degrees of singularity.
To properly define and calculate these integrals, we need to
introduce the concept of shape-dependent principal value,
which will be detailed in the next section.

Singularity of Green’s tensor and the renormalized
integral equation

The singularity of electromagnetic (EM) Green’s function
was first discovered by Bladel [139]. He found that the field
distribution in the source region cannot be calculated using
the conventional dyadic Green’s function, instead, a term
proportional to Dirac-delta function must be subtracted
in order to obtain the correct result. Finkel’'berg [140]
incorporated the singularity of EM Green’s functions in the
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development of an effective medium theory for dielectric
mixtures. Kong and Tsang [99-109] further calculated
the singularities of EM Green’s function of heterogeneous
dielectrics with different spatial correlation functions,
including the Gaussian, exponential and Von-Karman
correlation functions, and derived effective dielectric
constants for inhomogeneous media with spherical and
ellipsoidal inclusions. They also derived the explicit
expressions of backscattering cross section and applied
them in satellite remote sensing. Lakhtakia and coworkers
extended Kong and Tsang’s theory to EM anisotropic media,
and developed effective medium theory correspondingly
[141,142]. Analogous to the development of EM effective
medium theory, Zhunk analyzed the singularity of
Green’s function of the acoustic waves [143,144] and
the elastodynamic Green'’s tensor [96] and developed an
effective medium theory for heterogeneous acoustic and
elastic materials. It has been pointed out that any multiple
scattering model without considering the singularity of
the Green tensor is only applicable to materials with small
property fluctuation. In this work, the singularity of the
elastodynamic Green tensor is introduced into the multiple
scattering theory of elastic waves for the first time. Because
of its vital importance to the success of the new model, we
carry out comprehensive study on the singularity of the
elastodynamic Green'’s tensor and propose three different
but equivalent methods for the calculation of the singularity
tensor. Although the final results are the same, each method
provides aunique view of physical meaning of the singularity.
In order to avoid interrupting the main content, the detailed
calculation is presented in Appendix A. Here we use the final
results directly.

From the calculation in Appendix A, we know the
singularities of G;..(x",x) and e¢.,-(x",x) are relatively weak and
do not cause problems in the calculation of the integrals, but
Ey(x",x) has the §-singularity which needs to be carefully
dealt with. By introducing the concept of shape-dependent
principal value, the correct definition of the matrix D is given
by:

D:=PSD-S5(x"—x), (45)

where P.S. D is the shape-dependent principal value of
the Green tensor, § is the singularity of the Green tensor,
which is also dependent on the shape of the inclusions. For
instance, the singularities of heterogeneous media with
spherical, spheroidal, ellipsoidal and cylindrical inclusions all
have distinct expressions and possess different symmetries.
In the current work, we only consider random medium with
spherical inclusions, for which the macroscopic properties
are isotropic. Correspondingly, P.S. D and S have the
following form:

PSEIOI 1 P‘S‘EIOZZI PSEIO331 2E10231 2EIOISI 2EIUZII
PSE?} 12 P‘S'E;JZZZ P'S‘E;]}}Z 2E§232 2E;JI 32 2E3212
PSD= PS.E;U P.SESZB P4S.E30}33 2E30233 ZE:?m 2E:E)m (46)
2E2] 13 2E§ll] 2E2333 PS4E§2:1 4E§.‘133 4E§123 ,
2By, 2By, 2By 4Ey,  PSAEL, 4B,
2E10 2E;)221 2E2033I 4E|023Z 4E’.?13I P's'4E10IZZ

12

Sllll S122| S|22| 0 0 0
S S S 0 0 0
S= S S Sun 0 0 0 (47)
0 0 0 4S2233 O 0 ’
0 0 0 0 483 0
0 0 0 0 0 4853
where
__2A+7s A+u __ 84
i = s O T T T s PB4, A
L5p(A+2u) 15 (A +2) 30(A+2u)
From Eq. (48) we can see that St = Sizar + 25503 , thus

Sijk, is an isotropic tensor. This conclusion is consistent
with the assumption that the heterogeneous medium is

macroscopically isotropic.

In analogous to the isotropic elastic stiffness tensor, we
can rewrite SUH as

Sa:j/? = Sl5af5/ﬁ + Sz (5aj5iﬁ + 5@(55,7 ), (49)
where

__ A+u _ 31+8u ) (50)
YA 2w’ T 30(A+2u)p

Similarly, we can give the correct definition of the matrix
r'(x"-x) by introducing its shape-dependent principal value
PST(x"-x), 1.e.,

[(x"—x)= P.S.I(x" = x) - S5(x" - x), (51)
where

PAsAr(x"—x):[;, P_iD} 5{8 2] (52)
Substitution of (51) into (39) yields:

FO ) =0 X+ ] [PSTO-x) 85" -0 ¥(x-x)d’x. (53)

Invoking the definition of the Dirac-6 function, we get
W(x"—x) =¥ (x"—x)+ ”L/(\‘PASAF():" — DY - x)d’x = ST -x). - (54)

Introducing a new quantity, called the renormalized field
variable,

D(x"—x") = W (x"—x")+ STI(x")¥(x" - x"), (55)
the integral equation (54) is rewritten as:

D" —x)=PO(x"—x) + j j j{/mp.s.r(x" —0)EX®(x-xNdx,  (56)
where

E(x) = ([ + ST (57)

In this work, we consider heterogeneous media whose
component phases are all isotropic materials, for which the
matrix Z(X) and its elements are given by:

[6p® 0 0 0 0 0 0 0]
0 ' 0 0 0o 0 0 0
0 0 Spo’ 0 0o 0 0 0
0 0 0z, E, 0 0 0
Em= 0 0o o =, =, 0 0 o) (58)
0 0 0 E, E, & 0 0 0
0 0 0o 0 0 0 E, 0 0
0 0 0 0 0 0 0 E, 0
0 0 0 0 0 0 0 0 E,
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_0c, +26¢,, +4(S, + S,)d¢c,,(3dc,, +25¢,,)
(14 48,8¢,,)[1+(3S, +25,)(36¢,, +28¢,,)]
e, (1+48,5¢,,) —25¢,,[(3S, +28,)5¢,, +25,5¢,,]

[1]

E, , (59)
(1+48,6¢,)[1+(3S, +25,)(35¢,, +25¢,,)]

= Scy

T* T 1+48,6c,,

One can easily verify therelation: E,, =&, +22,,. Eq.(56)

is known as the renormalized integral equation [141,142].In
contrast to the development of effective medium models, in
the current work we strive to develop a multiple scattering
theory, which should be able to describe the coherent wave
propagation in the whole frequency range. To do so, we first
perform multiple scattering series expansion of Eq. (56), and
then derive the Dyson equation with the help of Feynman'’s
diagram and the first-order smoothing approximation.

Feynman’s diagram, Dyson’s equation and the First-
order-smoothing-approximation

Eq. (56) is an integral equation for the unknown quantity
®(x"-x") . We can see that this quantity appears on both sides
of the equation and this naturally forms an iteration scheme.
By performing iteration successively, i.e., substituting the
righthand side of Eq. (56) into the renormalized quantity in
the integrand, we get an infinite series Eq. (60). In Eq. (60),
the renormalized field is expressed using the unperturbed
field variables only. In this work, Eq. (60) is called the
multiple scattering series expansion of the perturbed field.

«

—) =¥ -y +m PSI(" 02 (x-X)dx +

jj“ | PT(C= E)PST(s =) ¥ (5~ i + 60
m ‘jﬂu m PS5 )PS0 =3 () PST(0, ~ B0 (5, =W s, (60)
IJL, . . H PST( =5 B0 )PST (3, =) E(0y )+ PST(x, , =3, )25, W5, -2\ 5, %, o', 4

The coherent field, also called the ensemble-averaged
field, is defined by averaging the perturbed field over the
whole space of realizations of the random medium. Taking
ensemble average of Eq. (60) gives:

(@0 -1) =¥ (- ) +m (PSTW - E¥ (-2 x+

J‘J‘J‘rwm{H:‘(P,S.l'(x"—x‘)E(x‘)P.S.l"(x‘
ﬂ[ . m . m (ST )2(0 ) PST(x =2 0 )PS5~ B0 (1, =2 o -
[ (PTG~ )E(8)PSI0 - B0+ PST(,, =320 ¥, -2, ey

=) 2 (), =X xd s +

(61)

where the angular bracket means the ensemble average
of the enclosed quantity. According to the original definition,
we need to calculate the random field variables in the whole
configuration space, which includes an infinite number of
realizations of the random medium. According to the ergodic
hypothesis, the ensemble average of a quantity is equal to
the volumetric average of the perturbed quantity, thus the
angular bracket can also be understood as taking volumetric
average of the enclosed quantity. Since P.SI(x"-y) is a
deterministic quantity, we can take it out from the bracket
and get:
(=X = -x)+ [ PSIL-

@
I St -0pS -
[

Il \HH ‘m” ST =)PST (5 -x)PST, (x, - 0)(E, (x)2

AL s o

(B ()2 (1) E (VY (o, =X A ey, 40

XE (YD (x-x)dx+
T E (), (), =3, +
(62)

l,k,(x:)E&(.ri))‘PZ,(XE fx')dl.\‘idz.\‘ld;x, Fo

One need to be informed that in Eq. (62), the subscripts
expressed using Latin letters are matrix indices instead of
tensor indices. In Eq. (62), an infinite number of multi-point
correlation functions are involved:

(63)

Multi-point correlation functions, also called higher-
order moments, provide Kkey information about the
statistical characteristic of heterogeneous media, and they
have found broad applications in different subjects, such as
characterization of galaxy distribution in cosmology [145],
describing random EM media for satellite remote sensing
[101,109,122], analyzing small-scale heterogeneities in
the Earth’s lithosphere [3,29,146], and characterizing
microstructures in metal polycrystals [46-48]. For a detailed
discussion on how to calculate higher-order moments
readers are referred to [47,107,147,148]. No matter what
type of statistics the inhomogeneous medium complies with,
one can always choose a reference homogeneous medium
such that (£,(x))=0, so we only need to consider the second
and higher order moments. Generally speaking, multi-
point moments have no simple relations with lower order
moments. However, if the random medium following the
Gaussian statistics, i.e., the two-point correlation function
can be expressed as a Gaussian function, all the moments of
odd order vanish [123,127]:

Eu(3))s (B, (3)E () (F,(00)E (0B (63))s (Ep()Z ()2 (1)E, (1)), van

(2, (X)E () () =0, (5, (X)) E () 5, ()5, (%, ) =0, (64)

and all the moments of even order can be expressed as
products of the second order moments (£, (x)E, (x,)), i.e.:

(B (x)DE, (x,) :(/("3)521,(%)

CHEACMERNCMENCHEN EICHENHENCME M EN) (65)
+HE,(x)E L,,(‘C_,))( ed (6 (X3)),

(B (X)E 4(x,)E c/(flnfl)Egh(:CZn)> ~ (66)
= (B (x)E (1,))+(E (3, ) (x,,)) + all permutations.
To proceed further, it is convenient to introduce

Feynman’s diagram technique, which was first developed by
Richard Feynman to investigate interactions of elementary
particles with quantum many body systems. Rytov adopted
this method to study multiple scattering of classic scalar
waves [123]. In this work, we extend Rytov’s implementation
of Feynman’s diagram technique to investigate the multiple
scattering of elastic waves. The symbolic representations of
all the involved quantities are shown in table 2.

Table 2: Symbolic representation of field variables used in Feynman’s diagram.

WO =x) P.ST(x"-x)) TI(x) (D(x"—x"))
(o, 0 e’ o] Y foriiiise)
X" X x" x' x" x'

In addition to table 2, we also adopt the convention that
two scattering points lie in the same inclusion, i.e., located in
the same bracket, are linked by a dashed line.

Considering the relations given by Egs. (64)-(66), the
diagrammatic representation of Eq. (62) is shown in figure 3,
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Figure 3: Feynman’s diagram representation of the multiple scattering
series.

To proceed further, we have to introduce the concepts
of weakly- and strongly-connected diagrams. If a diagram
can be divided into two subdiagrams, each of which has
two or more scattering points, without breaking any
dashed lines, then the diagram is called a weakly-connected
diagram. Diagrams do not possess this property are called
strongly-connected diagrams. For instance, the third term
on the righthand side of the equation is a weakly-connected
diagram, the second, fourth and fifth terms are strongly-
connected diagrams.

For simplicity, we introduce an additional symbol to
represent the sum of all the strongly-connected diagrams,
which is shown in figure 4.

, N .
= ¢—=0 + —0—0—9
% x5 X LS 7K
/”— ————————— ~\\
+ E—e——9 4.
X, xl\\-—’/xg X,

Figure 4: Summation of strongly connected diagrams.

It can be verified that all the weakly connected diagrams
can be expressed as the product of two or more strongly
connected diagrams. Now the ensemble averaged Green’s
function can be expressed solely by strongly connected
diagrams as shown in figure 5.

+ O=O=<P +---
x" xl

Figure 5: Representation of the ensemble averaged Green’s function using
strongly connected diagrams.

Itis easy to verify that this infinite series is the solution to
the following equation:

" Y= +

X X X" XI X" X

Figure 6: Diagrammatic representation of Dyson’s equation.

Equation shown in figure 6 is the famous Dyson’s
equation, which has been studied extensively in numerous
fields wherever multiple scattering is considered, such as
scattering of electromagnetic waves [101,122,141,142],
scattering of photons and other subatomic particles
[149-152]. So far, no approximation is introduced and
consequently, the Dyson equation is accurate in the sense
that multiple scattering events of all orders are included.
Nevertheless, this equation is extremely difficult to solve
because an infinite number of multipoint correlation
functions are involved and their calculation is exceedingly
tedious. If only the first term of the strongly connected
diagram is retained, we obtain a simplified Dyson’s equation:

Oomna) = O

X"

0 +0 ¢
x x" X x" y X X

Figure 7: Diagram representation of Dyson’s equation under FOSA.

This approximation is called the first-order smoothing
approximation [123,127], also known as the Bourret
approximation [153] and bi-local approximation [122].
Collin [154] compared different selective summation
techniques and concluded that the FOSA has the fastest
convergence rate. We can write down the explicit equation
corresponding to the diagram shown in figure 7:

@G- ='6" =)+ ([ff, PSTG"=yEWEY]], PST-BE@X@G-)dx (67)

Eq. (67) is the so-called Dyson’s equation under FOSA,
in subsequent discussion, we call it Dyson’s equation
for simplicity. A primary study on the accuracy of this
approximation was carried out in [156] in the context of the
homogenized continuum model. It is found the difference
between the third-order and second-order (corresponding
to the FOSA here) estimates of the homogenized constitutive
parameters are very small for all values of characteristic size,
even when the constitutive contrast between the component
materials is as large as 30. Similarly, it shows that higher
order (fourth-order, fifth-order ...) approximation does not
add significantly to the estimation given by the second-order
approximation. A rigorous analysis of the accuracy and
error estimation in the multiple scattering scenario is out
of the scope of this work. It is noted that different from the
homogenization theories, no constraint on the frequency is
introduced here, so the conclusionsdrawn aboveareassumed
to hold in the whole frequency range. This conjecture will
be examined and verified by numerical results for a variety
of materials, see Sections III and IV. Another point we need
to stress is that Eq. (67) is valid for random media with
any types of two-point correlation functions, such as the
exponential and the Von-Karman correlation functions.
This is because all the third- and higher-order moments are
completely neglected.
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Considering P.ST,(x"-y) and P.ST,(y-x) are deterministic quantities, Eq. (67) can be simplified as:

(@, (x"-x)= \ng (x"=x")

" —_ — r (68)
HI], . PSTa@ =0 ¥[[]  PST,(r=0(E (MEL NP, (r=2)dx
For a statically homogeneous medium, the two-point correlation function is given by [47-48, 155]:
(B (D)2 () =(E4E ) P(y = %), (69)

where P(y-x) is called the spatial autocorrelation function (SAF). Heterogeneous materials with different microstructural
distributions are described by different SAFs. For example, random media with blurred interfaces are most conveniently
described by Gaussian-type SAF, inclusions or scatterers with sharp boundaries follow exponential-type SAF, and Von
Karman-type are introduced to describe self-similar random media like turbulent media [3]. In this work, we only consider
random media with exponential correlation functions since it describes the correlation features of most random media
discussed in this work to an accurate or acceptable level. If the inclusions in the medium are of spherical geometry, then the
random media is statistically isotropic, and the exponential correlation function is a function of the distance between the
two points [3,47,48]:

|y

P(y-x)=e ° 70)

b

where a is the correlation length.
The Fourier transform of SAF represents the power spectrum of the medium fluctuation, which is given by:

Py =—74__ (71)
(1+k2a?)

As pointed out before, we can always choose the properties of the reference medium such that the first-order moment
vanishes. This choice also ensures the fastest convergence rate of the multiple-scattering series, thus we take:

(B (x))=0. (72)

For a two-phase heterogeneous medium, Eq. (72) gives three independent relations [12]:
(9p)=0: p=fip + 12 (73)

(E;)=0:

S (1+45,5¢W) — 280138, +28,)5¢y +28,5¢L)
(1+4S,5c))[1+ (38, +25,)(35¢Y) +25¢())]

S

(74)
N 82 (1+48,6¢)—28¢2[(3S, +28,)5¢2 +28,8¢ 20
(1+48,5c)[1+ (38, +28,)(36cP +25¢2y 72 7
sctl) Sc?
Z,,)=0: a4 + a4 =0, (75)
() 1+48,5¢." U 48,5¢2 />
where
SV =4 = 8¢V = —u» 3¢ =24 — A, 6 =ty — 1. (76)

As can be seen, the mass density of the reference medium is still defined by the volumetric average of the component
materials, but the elastic stiffness is obtained by solving a system of complicated nonlinear algebraic equations (74) and (75),
which is largely different from the Voigt-averaged values. In Sections Il and IV we will see that the Voigt-average estimation
always overestimates the quasi-static limit of the velocities of the coherent waves. This conclusion is in agreement with that
given by other works [49,50].

Solution of Dyson’s equation and the dispersion equations

Equation (68) is a system of integral equations of convolution type, which is most conveniently solved by the Fourier
transformation technique. In this work, we use the following spatial Fourier transform pair:
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1
87

700 ], #0e x ) =[] Pt o

Applying Fourier transform to the Dyson equation (68), and considering (69), we get:
(D, (k)y ="P°, (k) + P.S.fa,,(k)(EbKEdg[#H oy STy ()Pl ~ s)d%}(d)e_, (k). (78)
Multiplying both sides of Eq. (78) by [P‘S.f"ga(k)]" , we get:

[PSE,, (0] (D, (k)y=[PSE, k)] ¥ k) +(2,E,)

8¢

1 . - , ] - (79)
= [f,. PST ()Pl =5)d’s (D, (k).
Rearranging this equation, we have:
{[P.S.fge(k)]" - (Eg(,Ed()[é j j V(»\_)P.S.f"w, (s)P(k — s)d%}(ci)e,.(k)) =[pPsr, (k)]fl PO (k). (80)
The ensemble averaged response in the frequency-wavenumber domain can be solved as:
(@, (k)y = {[P.S.l:,,g(k)Tl 43,,(,3@{817 ) V(»\]P.S.llu,(s)ﬁ(k7s)d3s}} [P.SE, (0] P &). (81)
Simultaneously we obtain the dispersion equation:
det{[P.S.fge(k)T' - <Eg(,5d(,>[8;3 ” V“_)P.S.f(,d () Pk — s)d»’s]} =0. (82)
The solution in the spatial-frequency domain is given by:
| [PSE, (0] (=5, 7 1 3
(@, (x,x, o)y =—||| B B PST, (k)| ¥ (k)" "™ d’k. 83
e b [%ﬂ o PSE ()P —s)dls} L INE
T V(s

If the source is a time varying signal F(¢), and it is correlated to its spectrum through the following temporal Fourier
transform pair:

F(o)=["F(e™dt , F(t)z% [T F(@e™do. (84)

Thus, the complete wavefield in spacetime induced by a general time-varying point source is given by:

<(I)hf (x,x,1)) =

-1

[PSE,(0)] ~(E,.E,)
1 4o ~ 1
gj.,m F(Cl)) @J‘.”.V(k) |:L

87’

5 . , 85
} [PST, (0] ¥ (e dk |e ™ da. (85)

.[J.J.V(S)P'S'fcd (s)P(k —5)d’s

Eg. (85) gives an explicit expression for the wavefield in the spacetime domain and it has significant implications for
seismological applications, for instance, it can be used to synthesize three-component seismogram envelops for realistic
earthquake sources [3,176]. However, exploring the solution goes beyond the scope of the current research. In this work,
we only focus on the dispersion and attenuation behavior of a plane wave component. In a statistically isotropic medium,
the dispersion behavior of a plane wave is independent of its propagation direction. Without loss of generality, we consider a
plane wave propagating along the x, axis, and the wavevector k =[0,0,]. The coefficient matrix and the dispersion equations
of longitudinal and transverse waves can be expressed explicitly as:

M, 0 0 0 0 0 M, 0
0 M, 0 0 0 0 M, 0 0
0 0 M, M, My My, 0 0 0
0 0 M, M, My M, 0 0 0
[PSE.0)] —(E@EL,U){—H((\]P.S.f"“,(.\')ﬁ‘(l\'—‘y)d .\}: 0 0 My My My My 0 0 0 (86)
0 0 M, M, My My 0 0 0
0 M, 0 0 0 0 M, 0 0
My 0 0 0 0 0 0 Mg 0
00 0 0 0 0 0 0
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The non-vanishing elements of the matrix M are given by:
=l = k) = Kb = 0" (0, = p,) 2 Moy =(A+2u)(k* k) =K, & = 0*(p, = p,) [ /233 (87a)

=) _ =2

M, =—K, ik - a)zflfz(p1 PIEN —E) (87b)
HEY ~EDNE, @ fifi(py— p)EY ~ED)E
12 12 30 — W JiJ2\P1 = Pa 12 12 ) %365

My =-K, ik - 2w2f1fz(p1 -p) 5512) _:g))]zm - wzflfz (L= p,) :511) _Eﬁ))zsoa (87¢)
M]s = _K44ik - wzflfz(pl ~— P )(:5;14) - :ﬁ) ]218’ (87d)

— :(1)_:(2) =) _=(2))2 _ =) =@y _ =)
M44 —Kn _ffz = ) +(~1z ‘—‘12) ]244 2f1f2 = )(-‘12 =12 )245

) 20 _E0)EY -E2)+EY -EQY ]S =0 _ g2y (87e)
HAIEN —EV)EL —ER)+EL —E) By — [i(ElL —ER) Zgo
_ —(1l) —(2) v—(l —(2) —(1l) —(2 v—(l —(2)\2
M=K,-2/1, ‘2‘51 _‘2‘51 )('—‘12) '—‘52 2y — NNl ‘2‘51 _'—‘gl)) +('—‘12) '—‘52 ) 12y (87f)
“2fLIEY -ENES —ED) +(ER —E5) By — £1-(ER 213 Zg
_ =) _ =)= '—(2) _=® _ =) _ =)= '—(2) _=®
M46 _K12 _fif;[ =11 =11 )("‘12 )+('_‘1 h‘12 ) ] 44 fﬂ[ =11 =11 )("‘12 )+('_‘1 h‘12 ) ] (87g)
=) _ =2 =) _ =@ = _=@) =) _ =@ =) _ =@ y=O _=@)
_flfz[ =1 T = ) +('—'11 =0 )(_12 2 )+2('~12 le) 46 ffz ST En )(le =1 )266’
_ —(1 —(2)2 —(1)  —(2)\2
M66 - K11 _24]{1f2 Hiz) '—‘52 ) 244 _2f1f2 _'52 '—‘iz)) 245
_4 =0 _m@yEh =)y, - 2 _ =)y (87h)
fif‘Z =11 =11 )( _‘12) 46 fiJFZ =11 =11 66>
M, =K, — flfz 55114) - Efti))z DIEN M,, = - NS :5114) :Eti))zzmw (871)
M M“, My =M,,, My;=M,,, M MIS’ Msa :Mzw M55:M44' (871)
where
PR R S ) e TN _15(A+2w)p , K, =K, +2K,, (88)
T 3248 TR 348 PTG+ 8)
H U
1 L , 1 - o ,
z,,(k) —QJ.”V(”GH(S)P(k—s)d s, (k) —QHL(”[I%GH(S)+zs1Gl3(s)]P(k—s)d s, (89a)
1 5 s 1 .
Tk =g J‘”VMGM(S)P(/( —5)d’s, T,,(k)= @jj J‘V(‘)IS]GB(S)P(/( —5)d’s, (89b)
1 L= = 1 ~ -
Zy5(k) ZQIHV(”I%Gn(S)P(k —8)d’s, Ty(k)=S,,,, —@J‘J-Lmslan(s)P(k—s)d3s, (89¢)
1 .. 1 . s
ek =S~ 5 Il J.V(S)slszGu(s)P(k —$)d’s, (k) =S — QH J.V(S)slssG”(s)P(k —s)d’s, (89d)
3. (k)=S —Lm $2G,(s)P(k —s)d’s, =, (k)=48 —im [52G,(5)+52G., (5) + 25,5,G,, ()]P(k — 5)d s (89¢)
66 — i 872'3 V(s) 333 > 77 - 2233 87[3 V(s) 2733 322 293923 >
1
2o (k) =4S,,:5 _73_.._” [512G22 (s)+ san(S) +2s S2G12(s)]P(k - S)d S, (89f)
872 v
2 =2, 2y =2 Zi=2,, 255 =Z44, T =Ly Zgg = gy [89g)
The dispersion equation for longitudinal coherent waves is:
M (M My + M My —2M2) — M M2 —2M2 M  — M, M2 +4M M, M, =O0. (90)
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The dispersion equation for transverse coherent waves is:
MIIMXR_MIZXZO' (91)

The solution to the dispersion equations is a complex propagation constant, x = Re(k)+iIm(k) , where Re(k)=w/V , Im(k) =«
, w is the circular frequency, V is the coherent wave velocity, and «a is the attenuation coefficient of the coherent wave. The
propagation characteristics of the coherent wave is fully described by the complex wavenumber.

The integrals appeared in =,(k) contain singular points: s =4, and s =k, . The correct definition of these integrals is
discussed in Sheng [112] and Calvet and Margerin [12], where they gave the explicit expression by splitting the homogeneous
Green’s functions into the real part and the imaginary part. The real part of Green’s functions is defined as the Cauchy
principal value at the singular points while the imaginary part is given by the Dirac-delta function. The sign of the imaginary
part is determined by the causality of elastic waves, see Sheng [112]. In the numerical implementation, these integrals are
broken into two or three parts, and the general forms are

J-+w F(s)ds P.V.IB F(s)ds

o (sP—k)) 0 (s*—ky) (92)
+o F(s)ds B2 2
J'B erjo iS(s* — k2)F(s)ds,
+0 F(s)ds 4 F(s)ds B F(s)ds
- —py|— 4 py—
ey S e ey A Wy ey 03

[ OB [ i k) OB [ (s k) OB
Bo(s”—kp)(sT—ky) 0 (s —ky) 74 (s" —ky)

where &, <4<k, <B and F(s) is a regular function, i.e., has no singularity along the positive real axis.

All the integrands in the above integrals decays proportionally to 1/s* as s =+, Consequently, all the infinite integrals
are convergent. The complex wavenumber is obtained by searching for the roots of the dispersion equations in the complex
k-plane. The numerical algorithm is implemented on the platform Compaq Visual Fortran 6.6 for which the powerful IMSL
numerical library is integrated. All the numerical calculations are carried out in terms of the dimensionless quantities, i.e.,
the fractional velocity variation, the adimensional attenuation and the dimensionless frequencies, as given by:

— V-V _
oV, = o, a, =a,d, K, =k,d, (94‘)
Vor
— V-V
oV, = 7 W & =apd, Ky =kyd, (95)
or

where d is the average diameter (or characteristic dimension) of the heterogeneities, d=2a, V,, and V are the velocities
of the longitudinal and transverse waves of the reference material, koL and kOT are the nominal wavenumbers calculated
using the quasi-static limits of the longitudinal and transverse wave velocities, i.e., k, =w/ V , k.= w/ V. Since d, V, and
V,, are constants, K and K, can be viewed as dimensionless frequencies. a and @, are the attenuation coefficients of
longitudinal and transverse waves.

Comparison with an Improved Multiple Scattering Model for Heterogeneous Elastic Media with
Weak Property Fluctuation

Before applying the new model to a series of practical problems, it is meaningful to make a comprehensive comparison
between the new model and an improved multiple scattering model for heterogeneous elastic media with weak property
fluctuation, which was recently developed by the author based on Weaver’s model [48]. For the convenience of subsequent
discussion, we introduce two acronyms for the two models, where SFMS stands for the Strong-Fluctuation-Multiple-
Scattering model developed in this work and WFMS stands for the Weak-Fluctuation-Multiple-Scattering model. We omit
the rigorous development of the WFMS model and only list the major results here. Interested readers are referred to [129]
for more details.

The dispersion equations for the longitudinal (L) and transverse (T) coherent waves are:
PRV} )+ M, (K)=0, p(k’V} ™)+ M, (&) =0, (96)

where 7, and 7, are the Voigt-average longitudinal and transverse velocities, 47,a and »,x) are the longitudinal and
transverse mass operators, which are given by

J Multidis Res Rev 2020



www.innovationinfo.org

M, (K)=M,,(K)+M,,(K), M, k) =M, &)+, &), (97)

where 7,0, M, &), M, and a7, represent the partial contributions from the L-L, L-T, T-L and T-T mode
conversions.

The mass operators are complex quantities and the real and imaginary parts are:

~ 211, w  sads +1 2 2
ReM (k) ==12PY. . T [ {0 (=9 5 457 (= 4,) +45°K (s = 1) ' 98)
=20°ks(p, = p,) (A = ) x = 40’ks(p, = p,)(aty = 11)x* +4K°s* (A = A,) (1, — ﬂz)xz}ﬁ(X)dx,
~ _21f, w  s'a’ds oy 2 2 2,2 2 2.2
ReMLT(w,k»T”P.V.jO m[ (0" (= p,) (1= ") + 45K (4, — 11,)* (1= x*)x 99)
—4a’ks(p, = ) (14 = ) x(1= x*) }ii(x)dx,
lmMLL(w,m:%%”ﬂ{wz(p. —pye+ ;fl) K+ 4 ;“) R ACNARIALY (100)
220~ p ) —@)kx+4%k2x2}ﬁ“(xwx,
3.3 )2
ImMLT(aJ,k)=f‘]E7(f3aLl{wz(pl —pz)z(l—x2)+4wk2x2(l—x2)
420 = ) = )1~ xz)kx}ﬁ”(x)dx,
-
Y _N = s'a’ds ! 2 2
ReM;, (o,k) = %RVJ'O mj" {0 (0=, (1= 3") + 45K (1= 1) (1= X7 )% (102)
~4@ks(p, = p2)(t4 = 1) x(1= X°) i(x)dx,
~ 11 w  s*alds +1 )
ReM (k) =222 PV [ m] {0 (py =P (14 x7) + 87K (= 1) (1= 3% +4x°) (103)
—40ks(p, = p,) (14 — 1) Jii(x)dx,
I 7, 0 =SS0 If,'{af(p] =) I (1) A Ky )t — ) —x%}ﬁ“(x)dm (104)
T, (0, = L2 | “{af(p] oty s BT 34ty a2 ko~ ) —u:>x3}ﬁ”(x>dx, (105)
25V I V7 v,
where
~(x) _ ~II,(x) _ ~TI,(x) _ 1
o= (1+a*k* + a’s* = 2a’ksx)’ o = B (1+a%s +a2k2 —2azska)2 ’ (106)
~I/T(x) _ ~TT(x) _ 1 _o k _o
g 7 (+a** +a’k2 = 2a%k,x)>” 5 v, T W,

The Voigt average velocities 7, and 7, are defined in terms of the Voigt average material properties as:

_ 1+20 - _
v, = u, V; :\/7, A=fih+ LA, BH=fith+ s, P=fip+ s, (107)
P

where 4,, 4, wu, 1, p, p., f;, and s, are the Lamé constants, density, and volume fraction of the two component
materials.

NI

These expressions differ from that given in [12] in that all the cross-terms of mass density and elastic moduli have a minus
sign instead of a plus sign. It is exactly due to this “small” change that the results are dramatically different from that given
in [12]. It is worth mentioning that the improved model is developed by introducing the concept of exterior product, which
has been extensively used in Differential Geometry [157]. It provides an ideal tool for dealing with integrals with multiple
independent variables. As pointed out by Calvet and Margerin, the spectral function obtained in [12] gives two peaks in the high
frequency domain for Media E, but there should be only one longitudinal mode for Media D and E and one transverse mode for
Medium E. Contrarily, the spectral functions of Media D and E obtained using the new formula gives spectral curves exactly the
same as predicted, i.e., one peak for longitudinal waves in Media D and E and one peak for transverse waves in Medium E in the
whole frequency range, which perfectly resolves the raised question. For more details please see [129].
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Instability of the WFMS model in predicting the
dispersion behavior of weak-property-fluctuation
elastic media

To keep consistent with [12], we use the same properties
and the same numbering system for materials A-E, as shown
in table 3. Materials F and G are introduced additionally for
the purpose of comparing the stability of the two models. The
materials considered in this section are all equal-phased, i.e.,
the volume fraction of the two phases are equal, f,=f,=50%.
As a quantitative indicator of the property fluctuation, the
fractional velocity fluctuations of each component phase,
defined by 6V,,/V, = (V,,- V, )/ V,, etc. are shown in table 4.

Table 3: Material Properties of Media A-G.

A 11000 | 11000 | 800 800 380 340 | 11908.74 | 11599.37 | 5877.54 | 5559.59
B 11000 | 11000 | 880 800 380 380 |12210.28 | 11908.74 | 5877.54 | 5877.54
C 11000 | 11000 | 800 840 340 380 | 11599.37 | 12060.45 | 5559.59 | 5877.54
D 11000 | 11000 | 880 800 340 380 | 11908.74 | 11908.74 | 5559.59 | 5877.54
E 11550 | 11000 | 840 800 399 380 | 11908.74 | 11908.74 | 5877.54 | 5877.54
F 11000 | 10500 | 880 800 380 340 |12210.28 | 11872.34 | 5877.54 | 5690.43
G 11000 | 11500 | 880 880 380 370 |12210.28 | 11868.85| 5877.54 | 5672.21

At this point it is necessary to highlight the features of
each material: the shear modulus u is the only different
property of the two constituent materials of medium A,
while the Lamé constant A is the only different property for
medium B, both the Lamé constants A and u are different
for medium C. As is seen from table 3, the two component
materials of both Media A and C have different longitudinal
and transverse wave velocities, while the component
phases of Medium B have different longitudinal velocities
but identical transverse velocity. The two components of
Medium D have a unique combination of Lamé constants

such that their longitudinal velocities are the same, while
their transverse velocities are still different. Medium E has
a more special combination of material properties for which
both the longitudinal and the transverse velocities of the two
phases are equal. Medium F and G are general materials for
which the two component materials have different elastic
constants and densities.

Figure 8 shows the longitudinal wave dispersion and
attenuation of Medium A, which are calculated from Eq.
(88) and Eq. (92) for SFMS and WFMS models, respectively.
From the results, we can see the velocity and attenuation
calculated from the WFMS model show excellent agreement
with that obtained using the SFMS model. The longitudinal
velocity starts from the quasi-static limit V,, and then
slightly decreases as the frequency increases. Meanwhile,
the dimensionless attenuation a,d increases nonlinearly
from zero to 0.1. As the dimensionless frequency k d
approaches 50, a second, faster mode begins to appear, but
with much larger attenuation and slight positive dispersion.
As the frequency increases further, the velocities of the
two modes quickly approach the upper and lower limits
V, and V , respectively, and the attenuation coefficients
reach a saturation value near unity. We can see the two
models give accurate results in the whole frequency range,
from the quasi-static region to the geometric domain. Other
scattering models based on different approximations are
only valid in a limited frequency range. For example, the Born
approximation is only valid in a relatively low frequency
domain, corresponding to 0< kOLd < 70 for this case, while
geometric approximation is only valid in high frequency
range, corresponding to k; d > 150 for this case. In addition
to dispersion, the new model can also give the accurate
attenuation. All these unique features show that the multiple
scattering models have incomparable advantages compared

Table 4: Reference velocities of longitudinal and transverse waves of Media A-G.

v, |z
A 11751.97 5716.68 11755.08 5720.78 0.01334 -0.01298 0.02814 -0.02748
B 12056.68 5877.54 12060.45 5877.54 0.01274 -0.01227 -3.17x107 -3.17x107
C 11826.75 5716.69 11832.16 5720.78 -0.01923 0.01976 -0.02748 0.02814
D 11904.39 5716.70 11908.74 5720.78 0.00037 0.00037 -0.02748 0.02813
E 11906.59 5876.73 11908.74 5877.54 0.00018 0.00018 0.00014 0.00014
F 12036.73 5782.79 12046.42 5786.91 0.01442 -0.01366 0.01638 -0.01597
G 12036.80 5773.27 12036.98 5773.50 0.01441 -0.01395 0.01806 -0.01751
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Figure 8: Comparison of the velocity (a) and attenuation (b) of medium A calculated using SEMS and WFMS model.
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Figure 10: Velocity and attenuation of medium A calculated using the SFMS and WFMS models.

to other scattering models. The WFMS model has been
widely used in characterization of polycrystalline alloys,
for which only the elastic stiffness is a random variable.
Previous calculations show the WFMS model can give stable
prediction for dispersion and attenuation of coherent waves
in polycrystals. Here we will show that the WFMS model
gives unstable prediction for the dispersion and attenuation
of two-phase materials for which both the elastic stiffness
and the density are random variables.

The dispersion and attenuation of longitudinal waves
of Medium F calculated using the two models are shown in
figure 9. It is seen from figures 9 (a) and (b) that the velocity
predicted by the SFMS model first undergoes negative
dispersion and then become positive dispersive, Contrary
to Medium A, a second, slower mode appears in addition to
the original, faster one at intermediate frequencies. At high
frequencies, they approach the upper and lower limits of the

two components, which is similar to Medium A. From these
results, we can also observe that the dispersion given by the
WFMS model have a similar pattern as Medium A, but it gives
negative attenuation at dimensionless frequencies below
5.5, while the SFMS model gives positive attenuation in the
whole frequency domain. Negative attenuation is physically
impractical since it means the wave amplitude increases
with propagation distance while no energy is input into the
system. For velocity dispersion, differences in velocity up to
5% are observed between the results obtained by the two
models. This example shows the performance of the WFMS
model is unstable, in certain cases it gives wrong predictions.

Next, we examine the propagation characteristics
of transverse waves predicted by the two models. The
transverse dispersion and attenuation of Medium A are
shownin figure 10. Itis seen the dispersion curves calculated
from the two models exhibit excellent agreement. However,
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Figure 12: Dispersion and attenuation of longitudinal waves in Media B-E calculated using the SFMS model.

the attenuation predicted by the WFMS model is negative
in nearly the whole frequency range and form an image of
the curves given by the SFMS model symmetric about the
axis a,d=0. Figure 10(c) shows the detailed variation the
attenuation in frequency range (0, 1.0). In this range, the
WFMS attenuation first increases with frequency. After
reaching its positive maximum, it decreases with frequency
and then becomes negative. This oscillation behavior
prohibits any attempts to remedy the defect simply by
reversing the sign of the attenuation.

As an additional example, figure 11 gives the dispersion
and attenuation curves of transverse waves in Medium G. In
this case the velocities predicted by the two models agree
well at frequencies lower than 50, and the discrepancy
becomes large at high frequencies. Moreover, the velocities
calculated from the WFMS model do not converge to its
geometric limits. Although it gives positive values, the WFMS
model underestimates the attenuation of the slow mode and
overestimates that of the fast mode in the whole frequency
range.

Through these examples, we can conclude that the WFMS
model gives instable, and in certain cases wrong predictions

of the velocity and attenuation. It is difficult to judge when
the results converge to the correct solution. In all cases, the
SFMS model gives stable and reasonable results in the whole
frequency range. We are now in a position to examine the
predictions given by the SFMS model for the propagation
characteristics of coherent waves in Materials B-E, as
discussed in [12]. For simplicity, the results calculated using
the WFMS model are neglected here, and the results for
longitudinal and transverse waves obtained using the SFMS
model are presented in figures 12 and 13, respectively.

Fromtheresults,we cansee Medium Bhasonelongitudinal
mode at low frequencies and two at high frequencies, while
only one transverse mode with negligible attenuation can be
found in the whole frequency range. Both longitudinal and
transverse waves in Medium C have one propagation mode
at low frequencies and two at high frequencies. All these
predictions are consistent with that given in [12]. Media D
and E provide two subtle examples to examine the reliability
of different models. For Medium E, as pointed out in [12],
the two component materials have the same longitudinal
velocity but different transverse velocities, so there should
be one longitudinal mode in the whole frequency range
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Figure 13: Dispersion and attenuation of transverse

waves in Media B-E calculated using the SEMS model.

Table 5: Material properties of the component phases of cortical bone.

Bone 1850 29.60

17.60 6.00 4000.00 1800.90

Water 1000 237

2.37 0 1539.48 0

while the transverse waves behave normally, i.e., one mode
at low frequencies and two at high frequencies. Contrary
to this presupposition, the spectral function in [12] gives
two longitudinal modes at high frequencies. As discussed
before, this is due to a mistake in the expression of the mass
operators. Figure 13 shows results drastically different from
those in [12], the SFMS model predicts one longitudinal
mode in the whole frequency range, one transverse mode at
low frequencies and two at high frequencies, which perfectly
confirms the original judgment. Different from that of
Medium D, both the longitudinal and transverse waves of the
two phases in Medium E have the same velocity. Once again,
the predictions given by SFMS model show one transverse
mode in the whole frequency range. It is also noted that when
there is only one mode, the relative variation of velocities is
very small, less than 0.001, which can be regarded as zero.
Meanwhile, the dimensionless attenuation is also very small,
normally less than 103, All these predictions are in excellent
agreement with the conjectures in [12].

Failure of the WFMS model in predicting the
dispersion  behaviors of strong-property-
fluctuation elastic media

In this section, we examine the velocity and attenuation
of strong-property-fluctuation materials predicted by the
two models. Cortical bone is a typical strong-property-
fluctuation material, for which the two component phases:
solid bone frame and water/marrow saturated pores, have
drastically different material properties, as shown in table 5.
As a simplified mechanical model, cortical bone is assumed
to be comprised of a homogeneous isotropic solid and
water-saturated spherical pores. The pores are uniformly
distributed in the solid frame, so the cortical bone is a

statistically homogeneous medium.

The reference velocities for cortical bones with different
porosity are summarized in table 6 and plotted in figure 14.

From figure 14 we see the Voigt average velocity
systematically overestimates the quasi-static limits of both
longitudinal and transverse waves, and the differences
increase dramatically as the porosity increases. These
results qualitatively agree with the predictions given by the
self-consistent approach [49-50].

Figure 15 shows the longitudinal dispersion and
attenuation of cortical bone with 10% porosity. According
to the prediction given by the SFMS model, the longitudinal
velocity starts from the quasi-static limit and then decreases
sharply as the frequency increases. This is the famous
phenomenon known as the anomalous negative dispersion,
which has been observed in experiments and captured
in numerical simulations [70,73,89]. After assuming its
minimum, the longitudinal velocity increases quickly. At a
dimensionless frequency around k,  d=2, an additional slow
mode begins to appear and its velocity slowly increases with
frequency. At the dimensionless frequency k,d=4.5, the
velocity of the fast mode approaches the upper bound, i.e.,
the velocity of pure bone, and then the two modes quickly
separate and the velocity of the fast mode goes beyond the
upper limit. This phenomenon could not be explained in the
context of scattering, since the fastest propagation speed of
a scattered wave is the longitudinal velocity in pure bone.
This does not mean that the new model is invalid, instead,
it tells us that the coherent wave disappears. The rationale
behind this explanation is as follows: As the dimensionless
frequency increases, the wavelength becomes shorter and
shorter. When the wavelength is comparable to the size of
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Figure 14: Quasi-static limit of the longitudinal and transverse wave velocities.
Table 6: Material properties of the reference medium of cortical bone with different porosity.
7, 2
=1% 5 7. 5. . 788. .7 796.
ore— 17 1841 17.13 89 3962.22 1788.43 3990.74 1796.00
=2% . .67 5.7 . 775.75 37 791.05
S22 1833.0 16.6 8 3924.41 1 3981.3 1791.0
=3% 5 . 5.67 5 762.87 71. 786.
ore 3 Va 1824 16.22 6 3886.58 1762.8 3971.89 1786.03
Jou=4%0 1816.0 15.78 5.56 3848.74 1749.76 3962.29 1780.96
Jou=S%0 1807.5 15.35 5.45 3810.88 1736.44 3952.59 1775.82
Joo=6%0 1799.0 14.93 5.34 3773.02 1722.88 3942.77 1770.61
Jou=T%0 1790.5 14.52 5.23 3735.16 1709.09 3932.83 1765.35
Jou=8% 1782.0 14.11 5.12 3696.54 1695.04 3922.77 1760.01
Jou%0 1773.5 13.72 5.01 3658.68 1680.75 3912.58 1754.61
Jou=10% 1765.0 13.34 4.90 3620.84 1666.19 3902.28 1749.14
Jou=15% 1722.5 11.55 434 3427.03 1587.32 3848.77 1720.70
Jou=20% 1680.0 9.98 3.79 3233.01 1501.98 3791.75 1690.31
Jou=25% 1637.5 8.60 3.24 3034.66 1406.64 3730.83 1657.74
Jou=30% 1595.0 7.41 2.69 2831.75 1298.66 3665.56 1622.72
Jou=35% 1552.5 6.41 2.16 2628.96 1179.54 3595.44 1584.95
Jou=40% 1510.0 5.57 1.64 2420.94 1042.16 3519.86 1544.06
Jou=45% 1467.5 4.89 1.15 2213.48 885.24 3438.09 1499.57
Jou=50% 1425.0 4.36 0.71 2013.99 705.87 3349.26 1450.95
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Figure 15: Longitudinal velocity and attenuation of cortical bone calculated using the SFMS and WFMS models.

J Multidis Res Rev 2020



www.innovationinfo.org

(a) SFMS, slow mode, (b) SFMS, fast mode
(c) WFMS, slow mode, (d) WFMS, fast mode

0.3

(@

-0.1- O]

-0.2 (a)

0 2 4 6 8 10,12 14 16 18 20
ot

(a) SFMS, slow mode, (b) SFMS, fast mode

20 (c) WFMS, slow mode, (d) WFMS, fast mode

1.5+

1.0 (b)

05
'gn— 0.0-
-0.54
4.0

-1.5- ©
15 (d)

-2.0

10 12 14 16 18 20
oT

0 2 4 6 8

Figure 16: Transverse velocity and attenuation of cortical bone calculated using the SEMS and WFMS models.

a single scatterer, the wave is able to discern the structure
of individual scatterer and the interaction of the scatterers
with the wave gets significantly enhanced. Large property
contrast further strengthens the wave-scatterer interaction.
As a consequence, the incoherent component occupies a
large proportion of the total random wave field. Thus, when
the frequency goes beyond a certain limit, the wave losses
coherence. In our model, this critical frequency is identified
as the frequency at which the coherent wave velocity goes
beyond the faster velocity of the two component phases. The
disappearance of coherent waves is systematically studied
in Sheng [112]. The loss of coherence is also reported in Sato
[3,58,59], where the experimental studies of the coherent
wave propagation and dismiss are presented. In seismology,
this frequency range is called the saturated scattering
regime by Wu [1]. Wu proposed a seismic ray explanation
of this phenomenon: In this regime, the wave amplitude
fluctuations are saturated and rays split into numerous
microrays and interfere with each other, no coherent waves
exist. In figure 15, no similarities can be observed between
the predictions given by the two models. The WFMS model
gives wrong initial guess, cannot reveal the negative
dispersion, and unable to predict the frequency at which
the coherent waves disappear. Moreover, the WFMS model
gives negative attenuation at frequencies below k d=5.5.

The transverse wave dispersion and attenuation are
depicted in figure 16. According to the results calculated
from the SFMS model, the velocity of transverse waves starts
from the quasi-static limit and decreases monotonically as
the frequency increases. At the dimensionless frequency
around k d=2, an additional faster mode appears. This
mode has nearly the same velocity as that of the original
mode but with much larger attenuation, so it is very difficult
to observe in experiments. As the frequency continues
to increase, the fast mode undergoes positive dispersion
while the velocity of the slow mode still decreases. When
the dimensionless frequency k. d reaches 5, the velocity of
the fast wave exceeds the transverse velocity of pure bone,
which indicates the disappearance of coherent transverse
waves. Once again, the WFMS model fails. It gives positive
dispersion at low frequencies and negative attenuation in
the whole frequency range.

Through the above discussion we can draw the following
major conclusions:

1) The performance of the WFMS model is unstable, in
certain cases it gives results with large errors or physically
impractical results, such as negative attenuation, while
the SFMS model gives very accurate results and the
performance is extremely robust;

2) For two-phase media with a unique combination of mass
density and Lamé constants such that both phases have
the same longitudinal and/or transverse wave velocity,
the SFMS model gives only one longitudinal and/or
transverse propagation mode in the whole frequency
range, the question raised in [12] has been resolved
perfectly;

3) The coexistence of two bulk modes at intermediate
to high frequency range is a dynamic bifurcation
phenomenon, which universally exists in nearly all types
of heterogeneous materials, it is not an artefact and the
model has no deficiency in this sense;

4) The Voigt average velocity always overestimates the
quasi-static velocity for heterogeneous media. This error
becomes unacceptable for strong-property-fluctuation
materials;

5) The WFMS model completely fails for strong-property-
fluctuation materials, while the SFMS model still can give
accurate prediction of the dispersion and attenuation
behaviors of the coherent waves, it can also indicate the
disappearance of the coherent waves by giving a velocity
exceeding the upper bound of the two component phases;

6) The spectral function approach developed in [12] is
unable to reveal the accurate dispersion and attenuation
in the transition frequency range, and cannot distinguish
between negative attenuation and positive attenuation,
while the new model can accurately capture all these
characteristics in the whole frequency range.

Practical Applications of the New Model

In this section, we perform comprehensive studies
on the propagation behavior of multiple scattered elastic
waves in a series of heterogeneous media. As mentioned
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in the Introduction, seismology, ultrasonic nondestructive
evaluation and bone quantitative ultrasound are three major
fields in which multiple scattering theory is extensively
used. Most materials of practical importance, including the
heterogeneous lithosphere, particulate composite materials,
poroelastic materials, polycrystals with strongly anisotropic
crystallites, and human cortical bone exhibit heterogeneities
with strong property fluctuation. Moreover, the central
frequency of practical elastic waves ranges from 0.01 Hz to
50 MHz or even higher, which leads to ratios of wavelength
to characteristic dimension of heterogeneities covering
several orders of magnitude, from about 0.01 for seismic
waves in the lithosphere to 100 or even larger for ultrasonic
waves in fine-grain polycrystals or nanoparticulate
composite materials. Therefore, accurate and quantitative
characterization and reliable inversion of microstructures
require powerful multiple scattering theories that applicable
to strong-property-fluctuation materials and valid in the
whole frequency range. The new model exactly meets
these requirements since it gives up the weak-property-
fluctuation approximation and does not introduce any
approximation for the frequency. The new model provides
a unified theoretical framework which establishes accurate
quantitative relationship between the wave dispersion and
attenuation characteristics and the microstructure features
and is naturally suitable for extracting the microstructural
information, such as the average size of the inclusions, the
volume fraction of each component, the mass density and
elastic stiffness fluctuation. To show its power in practical
applications, we consider four examples: scattering and
attenuation of seismic waves propagating in the Earth’s
lithosphere, scattering of ultrasonic waves in the porous
aluminum and two-phase alloy, and scattering of ultrasound
in human cortical bone. From the point of view of material
composition, these examples cover nearly all types of two-
phased materials, including the solid-solid, solid-vacuum
and solid-fluid combinations.

Applications in seismology

The planet Earth exhibits different degrees of
heterogeneity from the inner core [13], to the mantle
[15,32,158], and finally to the lithosphere [3,8,158-160].
The apparent attenuation of major arrivals and the existence
of coda waves in nearly all the recorded seismograms are
direct evidences of the existence of such inhomogeneities.
However, due to lack of knowledge of wave propagation in
such highly inhomogeneous media, the classical seismology
is based on the multilayered model, in which each layer is
treated as laterally homogeneous and vertically varying
materials as a natural result of the action of gravitation. With
the development of modern geophysics and seismology,
more and more seismologists realize that the Earth also
exhibits considerable lateral heterogeneity and tend to
analyze the measured seismograms using scattering theories
based on the random medium model [3,8,9,11,15,178,179].
The prominent seismologist Aki first noticed the importance
of coda waves and suggested that coda waves contain
rich information about the statistical property of the
heterogeneous lithosphere [7]. Aki [5,6], Wu [10] and Sato
[3] also proposed scattering models to explain the apparent

attenuation of the directlongitudinal and transverse arrivals.
Up to date, scattering and attenuation of seismic waves
have become the central topic of seismology [1-4]. A brief
literature review shows that most previous studies are based
on certain approximations, such as the Born approximation
[3], the Rytov approximation [3], the single scattering
approximation [18], the scalar wave approximation
[17,161], or the weak-fluctuation approximation [2,16].
As pointed out in the Introduction, these approximations
put severe restrictions on the application of these models.
Consequently, a complete understanding of the propagation
behavior of seismic waves is still missing. Many fundamental
aspects of seismic waves are still poorly understood, some of
which are listed below:

e Is the attenuation of seismic waves mainly caused by
scattering or by other intrinsic mechanisms?

¢ Is the single scattering approximation enough to explain
the apparent attenuation?

¢ Can the Kramers-Kronig relation be used to explain the
measured velocity and attenuation?

¢ Does the Mohorovici¢ discontinuity really exist?

e Is the multi-layered model appropriate to explain the
seismic data?

¢ [s the classical ray theory applicable to the explanation of
seismic data?

e What are the scattering dispersion and Q-factor in the
whole frequency range?

With these questions in mind, we first conduct anin-depth
investigation on the fundamental propagation behavior of
longitudinal and transverse seismic waves in the Earth’s
lithosphere based on a realistic random medium model. The
numerical results calculated from various combinations of
material properties (density and elastic moduli) of the real
rocks in the lithosphere will provide us important insights
into all these questions. Through comparison of the new
results with that observed in local, regional and global
earthquakes, we will give novel and consistent answers to a
series of longstanding problems.

Evidence from amplitude and phase fluctuation observed
by thelarge scale seismicarrays LASAand NORSAR show that
in the lithosphere, there exists a velocity fluctuation about
2% to 10% and the correlation distance of the fluctuation is
about10-20km [5,8,160]. Moreover, itis also discovered that
the velocity fluctuations are remarkably uniform. Based on
these observations, the lithosphere is frequently modeled as
a statistically homogeneous and isotropic random medium.
Two-point correlation function is an important characteristic
function to characterize various heterogeneous media. Up to
now, random medium model with Gaussian, exponential and
Von Karman correlation functions have all been adopted to
describe the heterogeneities in the Earth [3,5,159,160,177].
However, itis reported that the Gaussian correlation function
is too smooth to represent the actual inhomogeneities
in the Earth. Transverse coherence function (TCF) and
angular coherence function (ACF) analysis measured by
the LASA seismic array reveal [8] that the exponential or
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the Von Karman-type correlation functions fit the seismic
data better. For the above reasons, in the present work we
model the heterogeneous lithosphere as an exponential-
type random medium. To model the velocity fluctuation, we
consider a two-phase continuum composed of a hard phase
with relatively large longitudinal and transverse velocities
and a soft phase with relatively low velocities. Since the
velocity fluctuation in the lithosphere is rather uniform, we
assume that the two phases have equal volume fraction, i.e.,
f,=/,=50%.

Dispersion and attenuation are two prominent features
of waves propagating in a heterogeneous medium. However,
researches concerning the dispersion of seismic waves are
rather limited. This is partially because of the irregular
surface of the Earth which significantly disturbs the
measurement of dispersion. Another reason is that most
seismic signals lie in the high frequency range, or even
in the geometric range, in which the seismic waves have
very small dispersion. The majority of existing studies are
concentrated on the attenuation of direct arrivals and coda
waves. It is well known that scattering attenuation and
intrinsic attenuation are two major physical mechanisms
for the overall attenuation of seismic signals. Intrinsic
attenuation transfers elastic energy into heat and thus
causes energy loss of the total wavefield. Contrarily,
scattering cause magnitude decrease of the coherent waves
by exciting coda waves, while the elastic energy of the total
wavefield is conserved. The relative contribution of the two
mechanisms to the overall seismic attenuation is an open
problem in seismology. Nevertheless, many seismologists
believe that the scattering attenuation contribute the major
part of the total attenuation [3]. It was also pointed out in
[9] that multiple scattering theory is necessary to separate
the contributions from the two mechanisms. In this work,
we assume that the scattering attenuation is the dominant
mechanism and all the materials are considered as purely
elastic materials. The answer to this question will be drawn
after obtaining the exact numerical solution and comparing
the numerical results with measured seismic data.

Seismologists usually quantify the attenuation of seismic
waves by using the inverse quality factor Q* instead of the
attenuation coefficient a. For simplicity, we call the inverse
Q factor as Q-factor directly. The quality factor is defined
as the ratio of the energy dissipated in a cycle of vibration
to the total energy supplied. Carcione and Cavallini [162]
conducted a rigorous derivation of the Q factor based on this
definition and gives the following expression:

L Im(kY)
" Re(k)

0 (108)

where k is the wavenumber of the longitudinal or
transverse waves.

In textbooks of seismology [2, 3], the quality factor is
also defined by the asymptotic expression of a spherically
outgoing body wave:

u(r, ) :%exp[fﬂrj )

= (109)

where @ is the quality factor, f'is the frequency, V is the
velocity, r is the distance between the source and the field
point, and the prefactor 1/r accounts for the geometric
spreading.

Considering the definition of attenuation coefficient a:

“(Vaf):%exp(*a"); (110)

we have the following identity:

w L
or’

or equivalently:

(111)

_al

o (112)

Qfl

On the other hand, k can be split into real and imaginary
parts as:

k=2 g (113)
Substitution of (113) into (108) yields:

2 27S
o= (114)

(2”./.)2 —a? ’
v
When the attenuation coefficient is small compared to

the real part of k, terms of second and higher order in a can
be neglected, thus we have

(115)

Comparing Eq. (115) with Eq. (112), we see the two
definitions are equivalent. Since the definition in (108)
is more accurate, we use this definition in subsequent
calculations.

The ratio of the longitudinal Q-factor to the transverse
Q-factor can be obtained from Eq. (115), given by:

9 . aV. when AV . (116)
o' al; 2zf

Numerical calculations in Sec. III show that in the
geometric regime, the attenuation coefficients of the
longitudinal and transverse waves in weak-property
fluctuation media satisfy the following relation:

a,d=o;d=1, (117)
which leads to «, ~ «, , consequently we obtain:

o' " "

o when f— . (118)

Equation (118) gives a rough estimation of the Q-factor
ratio for seismic waves in the geometric regime. It tells us
that in the geometric regime the Q-factor ratio is frequency-
independent and solely determined by the wave velocities.
This conclusion will be verified through numerical
calculations for a series of material combinations, as shown
in the following examples.
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Table 7: Material Properties and longitudinal velocities of Media I-IV.

I 3000 3100 50 60 45 50 7003.94 6831.30 7184.21 -0.0250 0.0260
1I 3000 3100 50 60 45 53 7068.83 6831.30 7317.68 -0.0336 0.0352
111 3000 3100 50 65 45 55 7161.58 6831.30 7513.43 -0.0461 0.0491
1\ 3000 3100 50 65 45 60 7261.76 6831.30 7725.12 -0.0593 0.0638
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Figure 17: Effects of elastic moduli fluctuation on longitudinal wave dispersion (first row) and Q factor (second row).

Velocity fluctuation can be caused either by density
fluctuation or by elastic modulus fluctuation. In the
following numerical examples, we study the effects of
the two types of properties separately. Seismological and
geophysical studies show that the density and velocity of
rocks in the Earth’s lithosphere have a linear relationship,
known as Birch’s law [3]. Although the specific coefficients
appeared in the Birch law strongly depend on the average
atomic weight of the rocks, there is a general conclusion that
rocks with larger density also have greater longitudinal and
transverse velocities. Geophysicists have proposed different
velocity models for the substructure in the lithosphere using
various seismic tomography techniques [163-165]. It is
generally acknowledged that the longitudinal velocity in the
lithosphere varies from 5.8 to 8.3 km/s, while the transverse
wave velocity varies from 3.5 to 4.7 km/s. In the subsequent
calculations, we choose the material properties following
these general guidelines. We first study the effects of modulus
fluctuation. The material properties of Media I-1V are listed
in tables 7 and 8. It is noted that the material properties of
Phase 1 do not change while the elastic moduli of Phase 2
increase gradually, which results in a velocity fluctuation
from +2.5% for Medium I to about +6% for Medium IV.

The longitudinal wave dispersion and Q factors of Media
[-IV are depicted in figure 17. Similar to the examples
discussed in Section III, there exists only one propagation
mode with very small dispersion at low and intermediate
frequencies. At a critical frequency, an additional, faster
mode begins to appear. As the frequency continues to
increase, the velocity of the fast (slow) mode quickly
increases (decreases) and then approaches its geometric

J Multidis R

limit, i.e., the longitudinal velocity of the fast (slow) phase.
At high frequencies, the dispersions of both the fast and slow
modes are very small. As a consequence, seismic signals
at relatively low frequencies and at high frequencies can
propagate for a long distance while maintaining it waveform
nearly unchanged. To show the detailed variation at very
low frequency and very high frequency, the Q factors are
plotted in a double-logarithmic coordinate system, as shown
in the second row in figure 17. At low frequency k,d < 1,
the attenuation increases from zero following a power law.
In the intermediate frequency range, the Q-factor increases
with frequency nonlinearly, then it assumes its maximum
soon after the faster mode appears. Then the attenuation
decreases with frequency following a negative power law.
The Q-factor of the fast mode is very large at its emergence
and then decreases dramatically. After the slow mode
reaching its summit, it decreases following a negative power
law similar to that of the slow mode but with a slightly larger
value. With the increase of velocity fluctuation, the frequency
of the attenuation peak decreases significantly, from k d
=41.60 for Medium I to k, d =17.12 for Medium IV. The value
of the peak increases from about 0.047 for Medium I to 0.10
for Medium IV. The Q-factor in the geometric regime k d >
100 decreases from 0.01 to 0.001.

Figure 18 shows the dispersion and attenuation of
transverse waves. It is seen that the dispersion and Q-factors
follow a rather similar variation tendency as the longitudinal
waves, i.e., there is only one propagation mode at low frequency
and two at intermediate to high frequency, and there also
exists a peak in the transverse Q-factor curves. To compare the
relative magnitude in the same frequency scale, the Q-factors
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Table 8: Material Properties and transverse velocities of Media I-IV.

I 3000 3100 50 60 45 50 3943.71 3872.98 4016.10 -0.0180 0.0180
1I 3000 3100 50 60 45 53 4001.69 3872.98 4134.82 -0.0322 0.0333
1 3000 3100 50 65 45 55 4039.03 3872.98 4212.12 -0.0411 0.0429
v 3000 3100 50 65 45 60 4128.13 3872.98 4399.41 -0.0618 0.0657
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Figure 19: Comparison of longitudinal and transverse Q-factors (first row) and the ratios of longitudinal to transverse Q-factors (second row) of

Media I-IV.

of longitudinal and transverse waves and their ratios are plotted
in figure 19. The subscripts SL, FL, ST and FT stand for the
slow longitudinal mode, the fast longitudinal mode, the slow
transverse mode and the fast transverse mode, respectively. For
convenience of subsequent discussion, we denote the frequencies
at which the Q-factors of the longitudinal and transverse waves
assume their peaks by K  and K _, respectively.

crL orT

It is observed that K_, is always greater than K .. At low
frequencies, the longitudinal Q-factor is smaller than that
of the transverse waves. At frequencies higher than k_,
longitudinal Q-factors are always greater than transverse
Q-factors, and both of them strictly follow a negative power
law. The ratios of the longitudinal to transverse Q-factors

have a very complicated profile. At low frequencies, the ratio
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is relatively small, near 0.5. As the frequency increases, the
ratio increases gradually and then reaches a peak. As the
frequency continuestoincrease, theratio gradually decreases
back to less than unity and then decreases sharply to its
minimum at K__.. After reaching its minimum, the Q-factors
increases monotonically and reaches a stable value between
1.5 and 2.5 at K_,. Since there are two sets of longitudinal
and transverse waves, we have four different Q-factor ratios
in the high frequency range. The most prominent feature in
the high frequency regime k  d > K_| is that the ratio keeps
constant at four different values. The differences among
the four values increase notably as the velocity fluctuations
increase from Medium I to Medium IV. It is also worth noting
that the peak of the Q-factor ratio decreases from 3 to 1 as
the velocity fluctuations increase from Medium I to Medium
IV. Table 9 gives the Q-factor ratios in the geometric range
and the velocity ratios of the two component phases. It is
seen the ratios roughly agrees with the approximate relation
given by Eq. (118). As the velocity fluctuation increases from
Medium I to Medium IV, the relative error increases from
3.24% to 14.6%.

Now we study the effects of density fluctuations on
the dispersion and attenuation characteristics. For this

Table 9: The geometric limits of Q-factor ratios and the velocity ratios of
component materials of Media I-IV.

04 /05 | On/ Qs | Oul/O | Ot /Qrr
1 1.80 1.91 1.68 1.77 1.76 1.85 1.70 1.79
11 1.82 2.00 1.60 1.76 1.76 1.89 1.65 1.77
111 1.82 2.11 1.54 1.79 1.76 1.94 1.62 1.78
v 1.86 2.28 1.44 1.77 1.76 1.99 1.55 1.76

case, we enforce the velocity of the two component phases
be constant, and vary the density and the elastic moduli
simultaneously. The material properties of Media V-VIII are
given in tables 10 and 11.

Figure 20 shows the velocity and Q-factors of the
longitudinal waves. As can be seen, as the density fluctuation
increases from Medium V to Medium VIII, the dispersion of
the longitudinal waves in the intermediate frequency range
(1 <k, d<20) experiences aremarkable increase. Moreover,
the structure of the dispersion curves is also changed
significantly: For Medium V, the low frequency branch is
connected to the slow mode at high frequencies, while for
Media VI-VII], the low frequency branch is connected to the
high-velocity branch in the high frequency regime. Changing
the density and elastic moduli fluctuation while keeping the
velocities of the two component phases constant has less
prominent effects on the critical frequencies K, and the
peak values of the Q-factors.

The dispersion and Q-factors of transverse waves of
Media V-VIII are shown in figure 21. Although the overall
tendency of velocity and Q-factors are similar to that of
longitudinal waves, it is noteworthy that the structure of the
dispersion curves does not change as the material property
fluctuation changes. For all the cases, the low frequency
branch is connected to the branch of the slow mode.

To show their relative changes, the longitudinal and
transverse Q-factors and their ratios are plotted in the same
frequency scale, as shown in figure 22. As can be seen, the
fluctuation in density significantly changes the relative
magnitude of the longitudinal and transverse Q-factors in

Table 10: Material Properties and longitudinal velocities of Media V-VIIIL.

\ 3000 3100 73.50 99.20 36.75 49.60 7474.46 7000.00 8000.00 -0.0635 0.0703
VI 3000 3300 73.50 105.60 36.75 52.80 7466.91 7000.00 8000.00 -0.0625 0.0714
VII 3000 3400 73.50 108.80 36.75 54.40 7461.77 7000.00 8000.00 -0.0619 0.0721
VIII 3000 3500 73.50 112.00 36.75 56.00 7455.85 7000.00 8000.00 -0.0611 0.0730
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Figure 20: Longitudinal wave dispersions and Q factors of Media V-VIIIL.
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Table 11: Material properties and transverse velocities of Media V-VIIL.

\ 3000 3100 73.50 99.20 36.75 49.60 3742.80 3500.00 4000.00 -0.0649 0.0687
VI 3000 3300 73.50 105.60 36.75 52.80 3741.57 3500.00 4000.00 -0.0646 0.0691
Vil 3000 3400 73.50 108.80 36.75 54.40 3740.38 3500.00 4000.00 -0.0643 0.0694

VIIII 3000 3500 73.50 112.00 36.75 56.00 3738.85 3500.00 4000.00 -0.0639 0.0699
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Figure 21: Transverse wave dispersion and Q factor of Media V-VIIIL.
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Figure 22: Comparison of longitudinal and transverse inverse Q
ratio of longitudinal to transverse Q-factors (second row).

the whole frequency range. The ratio starts from about 0.5
and then increases gradually until reaching its maximum,
and then decreases rapidly to a minimum about 0.5 at K ..
The maximum value of the ratio is strongly dependent on the
property fluctuations. As we can see in the figures, it reaches
1 for Medium V and 2.75 for Medium VIII. At frequencies
greater than K., the Q-factor ratios of the four combinations
approach four different high-frequency limits. To validate
the approximate relation given by Eq. (118), the Q-factor
ratios and the velocity ratios are listed in table 12. It is seen
that the relation is roughly satisfied within an average error
about 15%.

-factors (first row) of media with different density fluctuation and

The materials considered in the above examples exhibit
various degrees of property fluctuations, which lead to
a velocity fluctuation ranging from * 2.5% to * 7%. In the
following examples, we increase the property fluctuation
of the component phases such that the fractional velocity
fluctuation reaches up to = 15%. We consider a series of
media with properties chosen randomly, for which the
longitudinal velocity of the slow phase ranges from 5700
m/s to 6200 m/s, the longitudinal velocity of the fast phase
varies from 7800 m/s to 8300 m/s, the transverse velocity of
the slow phase ranges from 3300 m/s to 3600 m/s, and the
transverse velocity of the fast phase varies from 4200 m/s

J Multidis Res Rev 2020



www.innovationinfo.org

Table 12: The geometric limits of Q-factor ratios and velocity ratios of component materials of Media V-VIIIL.

0n/0x | Ou/Ox | 94/9% | Qn/On

\Y 2.12 2.65 1.62 2.03 2.00 2.29 1.75 2.00

VI 2.27 2.57 1.74 1.98 2.00 2.29 1.75 2.00

VII 2.36 2.53 1.81 1.94 2.00 2.29 1.75 2.00

VIII 2.45 2.48 1.88 1.91 2.00 2.29 1.75 2.00

Table 13: Material Properties of Media IX-XVI.

IX 3000 3100 42.00 75.00 35.00 65.00

X 3000 3300 42.00 72.00 35.00 67.00

XI 3000 3500 42.00 85.00 35.00 70.00

XII 3000 3500 40.00 100.00 35.00 65.00

X1 3000 3600 40.00 115.00 35.00 67.00

X1V 3000 3200 29.16 53.77 39.42 58.78

XV 3800 4000 170.16 181.14 81.91 123.46

XVI 3000 3300 30.42 70.67 33.87 67.12

Table 14: Longitudinal and transverse velocities of Media IX-XVI.

IX 7036.44 6110.10 8131.96 -0.1317 0.1557 3957.52 3415.65 4579.05 -0.1369 0.1571
X 6933.59 6110.10 7900.90 -0.1188 0.1395 3923.90 3415.65 4505.89 -0.1295 0.1483
X1 6971.26 6110.10 8017.84 -0.1235 0.1501 3906.41 3415.65 4472.14 -0.1256 0.1448
XII 6960.73 6055.30 8106.43 -0.1301 0.1646 3834.46 3415.65 4309.46 -0.1092 0.1239
X1 7028.99 6055.30 8316.65 -0.1385 0.1832 3834.91 3415.65 4314.06 -0.1093 0.1249
X1V 6619.90 6000.00 7317.07 -0.0936 0.1053 3940.97 3625.00 4285.71 -0.0802 0.0875
XV 9836.66 9375.00 10344.83 -0.0469 0.0517 5080.99 4642.86 5555.56 -0.0862 0.0934
XVI 6696.80 5720.00 7880.00 -0.1459 0.1767 3892.83 3360.00 4510.00 -0.1369 0.1585

to 4600 m/s. The material parameters are listed in tables 13
and 14. We need to point out that the Medium XVI has much
larger velocities and will be used as an exemplar model for
the next section.

The longitudinal and transverse wave dispersion,
Q-factors and the Q-factor ratios of Media IX-XVI are
presented in figures 23 and 24. From the numerical
results, we can draw the following conclusions: In the
low to intermediate frequency range, ie., 0 < k, d < 8 for
longitudinal waves and 0 < kOTd < 8 for transverse waves,
there is only one longitudinal and transverse mode. The
velocities of these propagation modes are nearly the same
as that of the homogeneous reference media. The dispersion
of these modes at low frequency k,d < 1 or k,d < 1 is
negligible, while in the frequency range 1 <k d, k,,d < 8 the
dispersion increases slightly but still very small. In the low
frequency range k,d < 1 or k,,d < 1, the Q-factors of these
media increase from 107 to 0.01 following a power law. In
the frequency range 1 < k, d, k. d < 8, the Q-factors increase
with frequency following a complicated nonlinear law, and
the relative magnitude of the longitudinal and transverse
Q-factors strongly depend on the material properties. We
can also find that the Q-factors increase from 0.01 to 0.05
in this range. In the moderately high frequency range
8 < k,d, k,d < 30, an additional longitudinal mode and
transverse mode starts to appear, while the dispersions of
both modes are extremely large. The velocities of the two
sets of longitudinal and transverse waves approach that
of the fast and slow phases, respectively. The Q-factors in

this range first increase from 0.05 to a peak value ranging
from 0.1 to 0.2, and then decrease to about 0.05 following
an inverse power law. In the high frequency range k,d,
k,.d > 30, the velocities of both modes of longitudinal and
transverse waves asymptotically approach their geometric
limits and the dispersion is nearly negligible. The Q-factors
in this range decrease from 0.05 to 0.001 or even smaller
following a negative power law. The figures in which the
longitudinal and transverse Q-factors plotted in the same
scale show that the Q-factor of longitudinal waves is always
smaller than that of the transverse waves at low frequencies
kOLd, kOTd <1, and greater than the transverse Q-factors in the
high frequency range k, d, k,d > 30. The critical frequency
at which the longitudinal Q-factors reaching their summits
is always greater than that of the transverse Q-factors, i.e.
K_ > K_.. The Q-factor ratios exhibit a rather complicated
pattern. At low frequencies k d, k,d < 1, the Q-factor
ratios increase gradually from about 0.5. As the frequency
continues to increase, the Q-factor ratios increase rapidly
and reaches a summit ranging from 1.0 to 3.0 at k,d = 2~3.
After assuming its summit, the Q-factor ratios decrease
rapidly until reaching the minimum at K .. The minimum
value is also strongly dependent on the material properties,
which normally ranges from 0.5 to 1.2. At frequencies higher
than K__, The Q-factor ratio increases rapidly again. Since in
the high frequency range, there are two sets of longitudinal
and transverse waves, there are four different combination
of Q-factor ratios. As is evident from the figures, the high-
frequency limits of the ratios vary from 1.1 to 3.2, for
which the range is much larger than that of Media I-VIII. It
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Figure 23: Dispersion, Q-factors and Q-factor ratios of longitudinal and transverse waves in Media IX-XII.
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Figure 24: Dispersion, Q-factors and Q-factor ratios of longitudinal and transverse waves in Media XIII-XVI.

J Multidis

Res Rev 2020



www.innovationinfo.org

Table 15: The geometric limits of Q-factor ratios and velocity ratios of component materials of Media IX-XVI.

05 /057 O /0% 05 /0 0r /O
X 2.050 3.370 1.140 1.870 1.789 2.381 1.334 1.776
X 2.227 3.139 1.278 1.802 1.789 2313 1.356 1.753
XI 2.393 3.136 1.398 1.832 1.789 2.347 1.366 1.793
XII 2275 3.126 1.433 1.966 1.773 2373 1.405 1.881
XII1 2.366 3.244 1.488 2.040 1.773 2.435 1.404 1.928
XIV 1.810 2.433 1.296 1.742 1.655 2.019 1.400 1.707
XV 2.322 2.630 1.622 1.837 2.019 2228 1.688 1.862
XVI 2.134 3.315 1.182 1.837 1.702 2.345 1.268 1.747

is worth noting that the high-frequency limits of the four
ratios indicate the following relation: Q,; >0y >0, >0y .
This conclusion informs us that for high frequency seismic
waves and at large epicentral distances, the amplitude of
the longitudinal waves is smaller than that of transverse
waves. Moreover, the slow transverse wave has the largest
amplitude and carries the largest amount of energy,
which is consistent with observations in real earthquakes.
Table 15 shows the geometric limits of Q-factor ratios and
velocity ratios of component materials of Media IX-XVI. It
is seen the discrepancies between the numerical results
and the approximation formula Eq. (118) are relatively
large compared with that for Media I-VII], especially for the
discrepancy between ©,,/Qs5; and V,,/V._.. This is because
the fractional velocity fluctuations for Media IX-XVI are
larger than that for Media I-VIII.

Through the above numerical examples, we see the
dispersion and attenuation are very sensitive to the material
property fluctuations. Both density and elastic moduli have
significant influence on the propagation characteristics
of seismic waves. All these theoretical results help us gain

0.1

0.01 21

0.001

0.0001

001 01
Frequency [Hz]

Frequency [Hz]

(©

important insight into the dispersion and attenuation
characteristics of seismic waves measured in local, regional
and global earthquakes. In subsequent sections, the
theoretical results will be applied to explain seismic data
collected worldwide.

Explanation of the observed Q-factors and Q-factor ratios:
Attenuation of the direct arrivals of the longitudinal and
transverse waves has been the central topic of numerous
seismological studies ever since the beginning of modern
seismology, interested readers please see the manograph
by Sato and collaborators [3] and references therein. The
longitudinal and transverse Q-factors and their ratios of a
series of local and regional earthquakes occurred worldwide
are summarized in monograph [3]. For the convenience of
subsequent discussion, the results are presented in figure 25.

It needs to mention that the notations ¢; and g;' denote
the Q-factors of primary and secondary waves, corresponding
to the Q-factors of the longitudinal and transverse waves
in this work. Before comparing the measured Q-factors
with the theoretical predictions, we first give a rough
estimation of the dimensionless frequency to which the

Frequency [Hz]

(®)

Figure 25: Q-factors of longitudinal (a) and transverse (b) waves, and their ratios (c) measured in local, regional and

global earthquakes [3].
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measured curves correspond. As pointed out before, the
average velocities of the longitudinal and transverse waves
are about 7 km/s and 4 km/s, and the majority of the
measured curves lie between 1 to 100 Hz. The correlation
length, i.e., the characteristic dimension of the rocks in the
lithosphere lies between several hundred meters to tens of
kilometers [5,8], here we use d =10 km for the estimation.
Calculation using the above data gives k,d = 9-900 and
kOTd = 16-1600, thus we can see most seismic signals lie in
the intermediate to high frequency ranges. In this regime,
both the longitudinal and the transverse Q-factors increase
from about 0.001, reaching their peaks lying between 0.05
to 0.2, and then decrease monotonically to about 0.001.
In the high frequency regime, the Q-factor curves follows
an inverse power law, i.e., decreasing quasi-linearly in the
double-logarithmic coordinate system. Comparing the
theoretical predictions with the measured curves, we see
all these theoretical predictions show excellent agreement
with that measured in local and regional events. Both the
longitudinal and transverse Q-factors decrease following
an inverse power law in the frequency band 1< f< 100 Hz.
Meanwhile, the magnitude of the Q-factors lies in the range
of 0.1 to 0.001, which is also consistent with the theoretical
calculations. In addition, it is observed that the Curve 16
exhibits a sharp peak at around 1 Hz. This curve partially
confirms AKki’s conjecture that there should exist a peak in
the Q-factor curves in the intermediate frequency range
[3]- Extending all the measured curves to the intermediate
frequencies 0.05 < f< 1Hz, we can infer that the peaks of the
longitudinal and transverse Q-factor curves lie between 0.1
and 0.2. Our theoretical predictions, as shown in figures 17-
24, along with this reasonable inference fully support Aki’s
conjecture. At this point, we are ready to give an explanation
on why the attenuation peaks are rarely captured in practical
measurements. From the theoretical calculation, we can
see the peak occurs at a critical frequency at which the
dispersion curve branches. Correspondingly, the waves with
a central frequency near the critical frequency have both
very large dispersion and attenuation. As a consequence,
the wavepackets in this range quickly broaden and decay as
the epicentral distance increases, and finally dismissed in
the ambient noises. Therefore, it is an extremely challenging
task for seismic recording systems to identify weak signals
near the critical frequency. We also note that the curves
numbered 1, 2.1, 2.2 and 2.3 lie in the low to intermediate
frequency regimes. Due to lack of accurate data, they are
marked with thick lines. It was pointed out that attenuation
at low frequency is extremely difficult to be measured
accurately [3].

The measured Q-factor ratios are shown in figure 25(c).
At first glance, we may find it is difficult to extract any law by
which these curves abide. After careful inspection, we find
the curves can be classified into six categories according to
their variation tendencies: Low frequency stage: Curves 1, 3;
Ascent stage: Curves 2.1, 2.2, 16; Descent stage: Curves 5, 15,
18; Turning stage: Curves 5, 14, Plateau stage: Curves 4, 6, 8,
10, 13, 17.1, 17.2, 19. Surprisingly, we can establish a rough
correspondence between these curves and the theoretical
curves: Curves 1 and 3 correspond to the low frequency range

in which the ratio is nearly constant and lies near 0.5; Curves
2.1,2.2 and 16 correspond to the ascendant stage in which the
ratio raises from 0.5 to 1.5, 2 or 3, depending on the specific
material property fluctuation; Curves 5, 18 correspond to
the descendant stage; Curves 5, 14 correspond to the turning
stage in which the ratio decreases to its minimum and then
increases; Curves 4, 6,8,10,13,17.1,17.2 and 19 correspond
to the plateau stage in which the ratio lies between 1 and
3. These curves correspond to the high frequency range,
also called the saturated scattering region, in which the
ratios are stabilized at four different constants. The shaded
region 9 also cover the range of high-frequency limits of
the four Q-factor ratios. It needs to mention the Curves
17.1 and 17.2 are for the ratios of longitudinal waves to the
SV and SH components of transverse waves, respectively,
which are less than unity. However, if recalculated for the
complete transverse waves, it is highly possible that it will
give a value greater than unity. This is because at high
frequencies, the attenuation of longitudinal waves is larger
than that of transverse waves. The existence of Q-factor
ratios with magnitudes less than 1.5 or near unity in the high
frequency range strongly suggests that the lithosphere is a
heterogeneous medium with strong property fluctuation,
as evident in table 14. Through the comparison we see the
new model can give an accurate quantitative prediction
of the longitudinal and transverse attenuations and their
ratios. The rich variety of the tendency of the Q-factor ratios
is also perfectly captured in the new model. At this point
we need to mention the scattering theory proposed in [10]
based on the Born approximation predicts that the Q-factor
curve increases monotonically with frequency, which is in
contradiction with the measured seismic attenuation. We
also note the curves in the high-frequency regime, for which
the magnitude of the ratio is a constant near unity, along
with the curves in the descendent stage and the turning
stage, cannot be explained using the travel-time corrected
Born approximation [3].

At last, we try to give a rough estimate of the correlation
lengths of the portion of the lithosphere that corresponds
to each curve of the Q-factor ratios in figure 25(c). Although
the information for the velocities is missing, existing seismic
data recorded in numerous seismic events reveal that
the reference velocities of the transverse waves lie in the
range from 3800 to 4000 m/s. For the purpose of a primary
evaluation, we use V. =3900 m/s. From Figures 23-24, we
can observe that the peak of the Q-factor ratios for most
medium models occurs at K, =2-3, here we use Krnax = 2.5.
The minima of the Q-factor ratios occur in the range 8 < K,
<15, here we choose K, = 10. The high-frequency regime
begins roughly from K = 20, where the Q-factor ratios
either have a very small slope or keep constant. Based on
these preliminary knowledge, we can find that the curves 2.1
and 2.2 lie in the range 0 < K, < 2.5, and at f~ 5 Hz they reach
the maximum value. Substitution of the above data into the
following relation: 2mf (=5 Hz) d/V,, = 2.5, we obtaind ~ 310
m. The curves 5 and 18 lie in the adimensional frequency
range 2 <K <20, while the corresponding frequency range is
1 < f< 30 Hz. Solving the equations: 2mf (=1 Hz) d/V =1 and
2nf (=30 Hz) d/V, = 20, we get d = 414~621 m. The curves
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Figure 26: Mohorovi€ic¢ travel-time curve (a) (Courtesy of the Department of Geophysics, Faculty of Science, Zagreb) [166]

and (b) best fitting curves.

4,8, 10, 13, 17.1, 17.2, and 19 all lie in the high-frequency
range, i.e,, K, > 20, while the corresponding frequency range
is f> 1~2 Hz. Substituting these data into the relation: 2nf
(=1 or 2 Hz) d/V,, = 20, we get d = 12.42 km or d = 6.21
km, respectively. We can see the estimates of the correlation
lengths (characteristic dimension of the inhomogeneities)
given by the new multiple scattering theory exactly lie
in the range determined by other approaches, such as the
transverse coherence function (TCF) and angular coherence
function (ACF) analysis [8].

Does the Mohorovici¢ discontinuity really exist?: On
October 8, 1909, an earthquake with the macroseismic
intensity VIII “MCS struck Pokupsko, 40 km southeast
of Zagreb, Croatia [166]. Mohorovi¢i¢ collected the
seismograms recorded by numerous European seismological
stations and plotted the travel time curves, as shown in
figure 26(a). He immediately recognized that there are two
sets of longitudinal and transverse waves. To clearly indicate
these phases, we replot the travel time curves in figure
26(b). From the travel-time curve, we can see four different
arrivals, denoted by Pn, Pg, Sn and Sg, respectively. The
velocities of the four phases can be roughly estimated from
the curves, v, =8230 m/s, VPg = 5680 m/s, V., =4640 m/s,
V,, = 3310 m/s. It is also noted that the Pn and Sn phases
begin to appear from the epicentral distance d = 300 km and
propagate a long distance even longer than d = 2600 km, the
Pg and Sg phases exist in the range from the epicenter to an
epicentral distance d = 1500 km.

Since then, more and more seismograms recorded in
the local, regional and global earthquakes show that two
sets of longitudinal and transverse waves can be observed.
Figure 27 shows the travel-time curves of the Pn, Pg, Sn
and Sg phases recorded by observation stations across
the Eurasian continent, including the eastern, central and
northern Russia, and China [167-168]. The velocities of
the four phases can be evaluated from the curves as: V, =
8330 m/s, Voo = 6250 m/s, V. = 4630 m/s, Ve, = 3520 m/s.

Different from the travel-time curves shown in figure 26,
all phases propagate a long distance greater than 1500 km.
The Sg phase propagates an exceedingly large distance, even
longer than 2500 km. It is worth noting that both the Pn and
Pg phases are difficult to discriminate in the range from 0 to
500 km, and start to separate from each other at distances
greater than 500 km. Similar phenomena can be observed
for the Sn and Sg phases.
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Figure 27: Travel time-distance plots of the Pg, Pn, Sg, Sn phases in Eurasia
[167-168]. For Pg, 1453318 traveltimes from 3709 stations and 407131
events are recorded, and for Sg, 1049125 traveltimes from 3084 stations and
266751 events are recorded.
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Figure 28: Travel time-distance plot of the Pn, Pg, Sn and Sg phases in (a) Southwest China [169] (139462 Pn and Pg
traveltimes and 102184 Sn and Sg traveltimes from 15316 events) and (b) Japan [170] (207000 arrival times from 7743
shallow and deep earthquakes and 34148 arrival times from 333 teleseismic events recordedby over 1000 seismic stations).
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Figure 29: Travel-time curves of the Pn, P’, Pg, Sn, S and Sg phases
in eastern Russia [171]. The traveltimes are recorded from 92 Sakhalin
earthquakes.

Figure 28(a) shows the travel-time curves of 15316
earthquakes occurred in southwest China, which is mainly
a tectonically active highland region, including southeast
Tibet, Sichuan and Yunnan provinces [169]. It provides a
textbook example for the four seismic phases in which the
four seismic phases can be explicitly identified. At distances
less than 350 km, there is only one longitudinal and one
transverse wavefront can be observed. Starting from the
epicentral distance d = 350 km, the wavefronts of P waves
and S-waves begin to split. The velocities of the four phases
can be estimated from the curves as: V,, =7320 m/s, VPg =
6000m/s, V, =4300m/s, Ve, = 3600 m/s. All the four phases
extended to more than 600 km. Figure 28(b) presents the
travel-time curves collected from 7743 shallow and deep
earthquakes and 333 teleseismic events recorded by over
1000 seismic stations on the Japan Islands [170]. The
velocities of the P- and S-waves are evaluated from the
curves as: V, =10300 m/s, VPg =9400 m/s, v, = 5500 m/s,
ng = 4600 m/s, which are much higher than that of other
portions in the world. We also note all the four phases travel
a long distance up to 2500 km.

Figure 29 shows the travel-time curves and their linear
regression obtained from 92 Sakhalin earthquakes in
eastern Russia [171]. The most prominent feature is that in
addition to the conventional four phases Pn, Pg, Sn, and Sg,
two novel phases denoted by P" and S" are clearly observed.
The velocities of the six phases are extracted from the linear
regression as: V, = 7880 m/s, V., = 6391 m/s, VPg = 5720
m/s, v, = 4510 m/s, V., = 3950 m/s, ng = 3360 m/s. It is
seen that the velocities of the P* (S”) phase lies between the
Pn and Pg (Sn and Sg) phases.

Mohorovic¢i¢ denied the possibility that the two sets
of longitudinal and transverse waves are emanated from
the same source and traverse the same path. Instead, he
proposed an explanation based on a layered model of the
lithosphere.

Observation station A

0 km

Observation station B

2600 km

25 km Crust
Source Mohorovi&ié discontinuity

50 km o ——

X Mantle
(a)

Observation station A Observation station B
Epicey \
2600 km
0km

25 km Lithosphere

Source

(b)
Figure 30: Schematics for Mohorovii¢’s explanation (a) and new

explanation based on the SFMS theory (b) for the observed two sets of
longitudinal and transverse waves.
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Mohorovicié¢’s explanation: There exists an interface
about 50 km beneath the Earth’s surface, which separates
two layers of elastic materials (rocks) with dramatically
different properties. The upper layer is relatively soft
and has a longitudinal velocity about 6.0 km/s, the lower
material is relatively hard and has a longitudinal velocity
about 8.0 km/s. He further assumed that the wave velocity
increases with depth following an exponential law, of which
he thought as a natural result of the gravitation. When a
shallow earthquake occurs, the seismic waves propagate
to the observation station along two paths. One propagates
upward and arrives at the station directly. The other
propagates downward, when impinging at the discontinuity,
it gets refracted and portion of the wave propagates in the
hard medium. As the velocity of the material increases with
depth, the wave gradually reflected back and gets refracted
again at the discontinuity. After that, the wave propagates
in the upper medium again and arrives at the observation
station. A schematic diagram for the paths of the seismic
rays are given in figure 30 (a).

As similar phenomena are observed in the travel-
time curves extracted from numerous local, regional
and teleseismic earthquakes, as shown in figures 27-29,
seismologists infer that there must be a global discontinuity
existing in the lithosphere. In honor of its discoverer, this
discontinuity is named the Mohorovici¢ discontinuity. Since
then, the two-layered model of the lithosphere is accepted
worldwide. The top layer with relatively low velocity is called
the crust, and the P- and S-waves propagating in this layer
are denoted by Pg and Sg, respectively, while the bottom
layer with relatively high velocity is called the mantle, and
the waves propagating in this layer are denoted by Pn and
Sn [164]. The Mohorovici¢ discontinuity is identified as
the interface between the crust and the mantle. In 1925,
Victor Conrad first identified a new set of longitudinal and
transverse waves, denoted by P* and S*, when he analyzed
the eastern Alps earthquake in 1923 [130,172,173]. Since the
new phases propagate at an intermediate velocity between
that of the upper crust and mantle, Conrad postulated that
the waves propagate in the lower crust and there must be
an additional interface which separates the upper and lower
crust. The new phases are also observed worldwide as shown
in figure 29. Consequently, the interface between the upper
and lower crust is named as the Conrad discontinuity. Later
on, additional phases are identified in local and regional
earthquakes and correspondingly, new discontinuities
such as the Riel Discontinuity and the Fortsch discontinuity
are identified. Currently, the multi-layered model of the
lithosphere is widely used in the seismological community
for seismic tomography and inversion for the velocity
structure [164,165].

Despite its success in explaining the coexistence of
two or more sets of body waves, disputes about the multi-
layered model along with the existence of the Mohorovicié¢
discontinuity and the Conrad discontinuity never end in the
scientific community [130,132,173]. Modern seismology
improves the estimation of the velocity distribution and
predicts the velocities of primary seismic waves (P-waves)
immediately above the Moho are about 6.7-7.2 km/s,

and below the Moho they are about 7.6-8.6 km/s [164].
One naturally raises the question: what is the physical
mechanism that causes such an abrupt change in velocity,
phase transition or change in chemical composition? It is
pointed out that phase transition induced by temperature
increase results in a transition zone with gradually
varying material properties instead of a sharp interface
[130]. Thus, geophysicists suggest that the Moho marks
a change in chemical composition. From the knowledge of
petrology, we know the longitudinal velocity immediately
above the Moho is consistent with that of basalt, while the
velocity immediately below the Moho is similar to those of
peridotite or dunite. Nevertheless, any believable sorting
mechanism gives an irregular surface instead of an even
interface [130,132]. Consequently, both the mechanisms
encounter difficulties in explaining such an even and sharp
discontinuity. Moreover, as discussed above, the amplitudes
of all these waves have obvious attenuation besides the
geometric spreading attenuation. The theories based on
the geometric ray and the layered model can hardly give a
reasonable explanation for the apparent attenuation. The
seismic waves penetrating into the mantle have a rather
complicated path, and the amplitude attenuation in each
layer, of which the mechanical properties vary exponentially
with depth, is extremely difficult to evaluate. Finally, there
are a series of coda waves which are also decaying and may
last for tens of minutes. The multi-layered model encounters
significant difficulties in explaining these stochastic coda
waves. Through the above discussion, we see a number
of phenomena are extremely difficult to explain in the
framework of the multi-layered model. Contrarily, all these
questions can be answered consistently and quantitatively
in the framework of the new multiple scattering theory.

New explanation: Modern petrological study reveals that the
lithosphere is composed of a variety types of rocks, such as
granite, basalt, limestone, sandstone, shale, and serpentinite.
Each type of rocks has its unique mass density and elastic
moduli. Consequently, the lithosphere is a heterogeneous
medium with certain degree of velocity fluctuation. As a
result of billion years of geological activities, including
collisions among tectonic plates, subduction of sea slabs,
volcanic activities, etc.,, there are active mass exchanges
in the lithosphere, both horizontally and vertically,
which lead to a statistically uniform distribution of the
inhomogeneities. The fluctuation in materials properties
results in a fast longitudinal velocity lying between 7.6-8.3
km/s and a slow longitudinal velocity lying between 5.7-6.3
km/s. The characteristic size of the inhomogeneities ranges
from several hundred meters to tens of kilometers. When
an earthquake occurs, a seismic signal with a duration from
several seconds to a few minutes is launched. Depending on
the source mechanism, the seismic waves may be composed
of waves with different frequencies, ranging from low
frequency, intermediate frequency to high frequency. The
wave packet gets multiply scattered during its travel from
the source to the observation stations. As shown in the
numerical examples given in figures 23-24, both the wave
components at low or intermediate frequencies and at high
frequencies have small dispersion. As a result, the wave
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packets in these frequency ranges can propagate for a long
distance. Contrarily, wave packets with a frequency near the
critical frequency at which the dispersion curves branches
have both large dispersion and attenuation. Consequently,
these wave packets can only propagate a short distance and
then dismissed in the background noises. At observation
stations near the epicenter, waves at all frequencies are
mixed and the steady multiple-scattered waves have not
been established. Consequently, there is only one wave
packet can be observed in the first two hundred kilometers.
After propagating for a certain distance (about two hundred
kilometers), stable multiple scattered waves are established.
If the center frequency of the seismic wave lies in the high-
frequency regime, or even in the geometric regime, there
exist two sets of longitudinal and transverse waves, of which
the fast longitudinal (Pn) and transverse wave (Sn) speeds
approach those of the hard material and the slow longitudinal
(Pg) and transverse (Sg) wave speeds approach those of the
soft material. Meanwhile, the dispersions of all the waves are
very small, so all the wave packages can propagate for along
distance. A schematic diagram of the seismic rays is shown
in figure 30(b). If the wave packet emanated from the source
contains both low- or intermediate-frequency components
and high-frequency components, the original wave packet
will split into three branches, as shown in figure 29. The
phase velocities of the P* and S* phases lie near that of the
homogeneous reference medium. In real measurements, the
P* and S* phases may be contaminated by the P-coda waves
or S-coda waves, so the recorded signal is a superposition
of low- or intermedia-frequency phase signal and the high-
frequency noises. By comparing the velocities of Media IX-
XVI and that evaluated from figures 26-29, we can establish a
rough correspondence between the virtual material models
and the lithospheric regions: Media IX-XIII correspond to
figures 26-27, Medium XIV corresponds to figure 28(a),
Medium XV corresponds to figure 28(b), and Medium XVI
corresponds to figure 29. With these correspondences in
mind, we can try to give a consistent explanation for both the
dispersion and attenuation characteristics of the measured
data. Figure 25 shows that most seismic signals decrease with
frequency following an inverse power law, which indicates
that the signals lie in the high-frequency regime. Meanwhile,
the majority of the observed travel-time curves exhibit four
branches corresponding to the Pn, Pg, Sn and Sg phases,
respectively, which also indicates that most seismic signals
lie in the high-frequency regime. By adjusting the properties
of the component phases, the Q-factor ratios show a variety
of different patterns which are sufficient to cover all the
values and variations of measured Q-factor ratios, as shown
in figure 25(c). The travel-time curves in figure 28(b) exhibit
high-velocity, weak velocity fluctuations and low attenuation,
which are related to the existence of the subducting Pacific
and Philippine sea slabs. Correspondingly, these distinctive
features are also fully captured in the numerical example for
Medium XV. From figure 24, we can see Medium XV has high
velocities, small velocity fluctuations and low attenuation
(high-Q). Medium XVI gives a material model corresponding
to figure 29, from which the P* and S* phases can be explicitly
identified. Comparing the velocities in figure 29 and that
shown in figure 24, we can find the velocities of all the phases

calculated from Medium XV show excellent agreement with
that measured in real seismic events.

In the new explanation, there needs not be any even
interface that separates two or more layers with dramatically
different material properties. Instead, it only requires that
there exists a certain degree of property fluctuation and the
fluctuation is statistically uniform, which are more likely to
be realized in the heterogeneous Earth.

Through the above discussion we see the new model is
capable of providing an accurate and consistent explanation
to nearly all the observed seismic data. At this point we are
ready to answer several long-standing problems raised
in the seismology community, and draw a series of new
conclusions:

1) The measured apparent attenuation for short-period
seismic waves are mainly caused by scattering in
the heterogeneous Earth, the portion contributed by
anelasticity mechanisms isless important. This conclusion
is also confirmed by the observation that seismic waves
can propagates a very long distance (the seismic waves
frequently run several times around the earth before
their energy is completely dissipated) and last for a long
time (about tens of minutes);

2) Multiple scattering theory is a necessary tool for the
explanation of the attenuation of the major phases Pn, P*,
Pg, Sn, S* and Sg, single scattering theory is insufficient;

3) Elastic waves are tensor waves in their nature, and the
causality of the multiple scattered waves is secured by the
proper choice of the imaginary part of the homogeneous
Green’s functions. The Kramers-Kronig relation, which
was derived for scalar waves, cannot be applied to the
scattered elastic waves [65,66,133,134]. This is because
the K-K relation always requires that there exists a single
propagation mode in the whole frequency range. However,
as shown in the numerical examples, most heterogeneous
materials exhibit two propagation modes in the
intermediate- to high-frequency range. Most importantly,
for materials with extremely strong property-fluctuation,
like bone and porous metals, there even does not exist any
coherent wave at high frequencies;

4) All the direct arrivals and the coda waves form an
integrate unity. Multiple scattering does not only cause
dispersion and attenuation of the direct arrivals, but also
induces split of the coherent wavefront and generates
two or three sets of longitudinal and transverse modes.
At frequencies far from the critical frequency (branch
point of the dispersion curves), the dispersions of both
longitudinal and transverse waves are extremely weak.
Consequently, the wave packets can be maintained for
a long distance. This unique propagation characteristic
gives a new explanation to the Pn, P*, Pg, Sn, S* and Sg (or
Lg) phases that observed worldwide [164]. Contrary to
the explanation based on multi-layered model, it does not
require the existence of any even and sharp discontinuity,
such as the MohoroviCi¢ discontinuity or the Conrad
discontinuity;
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5) Velocity dispersion and attenuation constitute a complete
description of the propagation of the coherent multiple-
scattered waves, they are simultaneously determined by
the new model;

6) The multiple scattering theory suggests us give up the
classic seismology, which is based on the assumption that
the lithosphere is a multi-layered medium, and develop
new seismology and new ray theory (or other high-
frequency asymptotic approaches) based on the random
medium model. This also motivates a generic statistical
approach to classify the lithosphere based on the
velocities, velocity fluctuations, and the correlation length
(characteristic size) of the subsurface heterogeneities;

7) The existence of inhomogeneities that large enough to
break the stochastic homogeneous assumption may
change the waveform significantly. Thus, the model
provides a new imaging mechanism for inversion of the
large-scale structures in the lithosphere or beneath the
lithosphere [146,174,180].

Finally, we need to stress that the theoretical
predictions of the dispersion and attenuation are for the
coherent waves. In an idealized case, the coherent waves
are obtained by summing up the recorded waves from a
number of observation stations that located concentrically
about the seismic source. The quantities measured at a
single observation station may be distorted by the near-
receiver inhomogeneities, as pointed out by Wu [10].
The development of large scale seismic arrays, such as
LASA, NORSAR, has significantly improved our ability to
obtain such coherent waves by collecting large amounts
of single-station signals. These seismic arrays along with
modern signal processing techniques provide us a great
opportunity to extract the complete set of coherent wave
information, including the dispersion and attenuation of
each phase. Based on the high-quality data, the new model
can perform reliable inversion for the material property
fluctuation and characteristic length of inhomogeneities
with the aid of advanced optimization algorithms like the
least-square method [175]. Furthermore, it is well known
that mineral depositions can also influence the material
property fluctuation, thus the inversion results can be used
for exploring natural resources, such as hydrocarbone
reservoirs and coal and iron mines.

Applications in the ultrasonic nondestructive
evaluation (NDE)

Porous metals have broad applications in aerospace
industry [181-184] and biomedical engineering [185-187]
due to its light weight and high strength. An additional
prominent feature is that its mechanical properties are
adjustable and can perfectly match those of biomedical
materials like bone, so porous metals like porous Titanium
are also used as bone substitution materials [186]. Studying
the dispersion behavior of ultrasound in these materials
is of vital importance for the nondestructive evaluation
and characterization of porous metals [188-192]. Two-
phase metals and particle reinforced composites are other
categories of heterogeneous materials widely used in

industry. These materials have unique physical and chemical
properties, such as chemical stability, high strength, tunable
mechanical properties [193,194]. The microstructure is
the key factor that determines the material properties
like fracture toughness, hardness, impact strength, yield
strength, and tensile strength. Consequently, there is
considerable interest in developing ultrasonic techniques to
nondestructively characterize microstructures and finally
determine these mechanical properties. It is well known that
theultrasonicattenuation and dispersion are very sensitive to
the characteristic parameters of microstructures, like elastic
moduli of the component phases, average sizes of the grains,
so they provide important parameters for microstructural
characterization. In general, the interpretation of frequency
dependent velocity and attenuation data requires the
use of multiple scattering theory. However, previous
research on ultrasonic NDE has been mainly focused on
characterization of metal polycrystals such as Titanium
alloy, Nicole alloy or iron, which are generally regarded
as weak scattering materials [42-50]. Very little effort
is devoted to characterization of materials with strong
property contrast, such as porous metals and two-phase
alloys [188-192]. The model developed in this work exactly
meet these requirements. As applications, we calculate the
velocity dispersion and attenuation of porous aluminum
with various porosities and Cu-Al alloys with different phase
volume ratios.

Nondestructive evaluation of porous metals: Porous
aluminum is an extreme example of two-phase materials.
The material properties used in the calculation are shown
in table 16,

The properties of the reference media for porous
aluminum with porosities (pore volume fractions) varying
from 5% to 30% are given in table 17.

The dispersion and attenuation of longitudinal waves
and transverse waves in porous aluminum are shown in
figures 31 and 32, respectively.

From the results, we can find the following propagation
characteristics of coherent waves in porous metals:

1) The longitudinal velocity first undergoes steep negative
dispersion, after reaching the minimum value, it becomes
positively dispersive and quickly goes beyond the
longitudinal velocity of pure aluminum, which indicates
the disappearance of the coherent waves. Only one
longitudinal mode is found in the whole frequency range.
This phenomenon tells us that the branch behavior of

Table 16: Material Properties of porous aluminum.

Al 2720 50.35 25.94 6130.62 3088.17
Vacuum 0 0 0 0 0
Table 17: Properties of the reference medium for porous aluminum.
S %0 2584.0 42.34 23.49 5879.39 | 3015.20
f=10% 2448.0 35.03 21.02 5610.96 | 2930.29
S =20% 2176.0 22.45 15.99 5001.68 | 2711.17
f0=30% 1904.0 12.47 10.84 4235.00 | 2386.02
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Figure 31: Effects of porosity on dispersion and attenuation of longitudinal waves in porous aluminum.
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Figure 32: Effects of porosity on dispersion and attenuation of transverse waves in porous aluminum.

longitudinal coherent waves is strictly related to the
elastic property of the component materials, or in other
words, two longitudinal modes can only exist when
both of the component phases are elastic materials. The
dimensionless attenuation-frequency relation follows a
power law at frequencies lower than 1. At dimensionless
frequencies higher than 1, the attenuation approaches
unity.

2) The coherent transverse waves first undergo negative
dispersion with a magnitude smaller than that of the
longitudinal waves, then become positively dispersive
and approach the transverse wave velocity of pure
aluminum. A second mode appears in the intermediate
frequency range. The attenuation of the second mode is
much larger than the first one at its initial appearance and
then decreases quickly. At moderately high frequencies,

the velocity of the fast mode quickly goes beyond the
transverse velocity of pure aluminum, which indicates
the disappearance of coherent waves. It is also noted that
porous Al with low porosity support coherent transverse
waves in a relatively wider frequency band.

Nondestructive evaluation of two-phase alloys:
Nondestructive characterization of microstructures in
multiphase alloys by means of ultrasonic scattering has
received extensive studies. The mechanical properties of
frequently used metallic phases, including Fe, Al, Cu, Ti,
or Nb all exhibit strong property fluctuation. Our model is
naturally suitable for these types of materials. As an example,
we consider a two-phase alloy made of Al and Cu [194]. The
material properties of Al and Cu are given in table 18. We
consider Cu-Al alloys with different volume ratios. Table 19
lists the material properties of the reference media.
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Table 18: Material Properties of Cu and Al.

Cu 8490 134.45 60.45 37.00 3979.48 2087.60
Al 2720 102.23 50.35 25.94 6130.62 3088.17
Table 19: Material properties of the reference medium of Cu-Al alloys.

Jo,=10% 3297 51.24 26.88 5643.43 2855.33 -0.29 0.09 -0.27 0.08
S, =30% 4451 53.10 28.87 4990.23 2546.82 -0.20 0.23 -0.18 0.21
S, =50% 5605 55.06 31.01 4570.39 2352.10 -0.13 0.34 -0.11 0.31
Jo=10% 6759 57.13 33.30 4278.46 2219.49 -0.07 0.43 -0.06 0.39
S, =90% 7913 59.32 35.73 4065.30 2124.92 -0.02 0.51 -0.02 0.45
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Figure 33: Dispersion and attenuation of longitudinal waves in Cu-Al alloys with different volume ratios.

Figure 33 shows the dispersion and attenuation of
longitudinal waves. From the numerical results, we can
observe the following propagation characteristics: Starting
from the quasi-static limit, the longitudinal waves first
undergo negative dispersion. After reaching its minimum,
the coherent waves become positively dispersive, then
it approaches the longitudinal speed of the pure Al In the
intermediate frequency range, a second propagation mode
starts to appear, its attenuation is much larger than the
first mode and then decreases dramatically and approaches
unity. At high frequencies, velocities of the two modes
quickly approach the upper and lower bounds. Different
from weak scattering media, the two bounds are different
from the velocities of the two component phases. Once
again, the coherent wave disappears when the velocity of the
fast mode exceeds the upper bound of the two phases. One
noteworthy phenomenon is that alloys in which Cu occupies
alarger volume fraction support coherent wave propagation
in a wider frequency range.

Figures 34 shows the dispersion and attenuation of
transverse waves. From the numerical results, we can
observe the following propagation characteristics: Starting
from the quasi-static limit, the coherent transverse waves
undergo negative dispersion monotonically, at intermediate
frequency k,d=2-3, the wavelengths are comparable to
the characteristic dimension of the inclusions, a second
propagation mode with positive dispersion starts to appear.
As the frequency increases, velocities of the two propagation
modes quickly approach the upper and lower bounds.
Similarly, when the fast mode goes beyond the upper bound
of the component phases, it indicates vanish of the coherent
waves. Different from longitudinal waves, the transverse
waves atlow frequencies have no positive dispersion regime.

From these numerical examples, we see that the new
model can give an accurate and quantitative prediction of
the dispersion and attenuation of heterogeneous medium
regardless of whether the volume fraction of either phase is
small. Both the effective static and dynamic modulus can be
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Figure 34: Dispersion and attenuation of transverse

further derived from the dispersion and attenuation curves.
The results have significant implications for microstructure
characterization and theory-guided material design
[207,208].

Applications in bone quantitative characterization

Cortical bone is the major supporting structure of human
body and most osteoporotic fractures are happened in it.
Cortical bone is composed of compact bone and distributed
pores saturated with marrow. The pore diameter is normally
in the range of 20-300 micrometer and the volume fraction
lies between 5% and 15% [70]. However, as a consequence
of aging and continuous loss of minerals, the porosity
of the middle-aged and elderly people may increase to
30% [78]. Early diagnosis and treatment of osteoporosis
are essential for preventing bone fracture. Compared to
microXRT or MRI, ultrasound provides an economic and
noninvasive approach for the diagnosis of osteoporosis and
monitoring the bone status. Different from MRI and XRT,
which can only provide information about the porosity and
average pore diameter, ultrasonic signals also carry rich
information of the mechanical properties of bone, including
the density and elastic stiffness. Therefore, quantitative
ultrasound (QUS) provides a promising technique for
predicting the bone mechanical strength. For this reason,
bone quantitative ultrasound has become an active research
field [70]. Multiple scattering theory of ultrasonic waves
plays a central role in characterizing microarchitecture in
bone. However, modeling the multiple scattering in cortical
bones progresses very slowly. One reason is that cortical
bone is an extremely complicated heterogeneous material

waves in Cu-Al alloys with different volume ratios.

with hierarchical microstructures covering a wide length
scale. Another reason is that the wave-scatter interactions
are very strong since wavelengths of ultrasound excited
by most biomedical transducers are comparable to the
characteristic dimension of microarchitectures in cortical
bone. Reported experimental and numerical results are also
full of controversy. The majority of the experimental research
report that wave velocity is negatively dispersive [89], while
some other researchers report that velocity have positive
dispersion [73]. The interesting and diverse phenomena have
attracted extensive attention from both academy and clinical
community [70]. Due to the lack of a thorough understanding
of the rich phenomena, quantitative ultrasound techniques
for cortical bone characterization has been hampered for
many years. It is generally realized the single scattering
model and Biot’s model are insufficient for characterization
of bone samples. For instance, the single scattering model
can predict dispersion and attenuation when the number
density of pores is low, normally less than 5%, and the error
increases as the porosity becomes larger. The Biot model
cannot predict the anomalous negative dispersion and it
involves several phenomenological parameters that difficult
to be measured experimentally. In this section, we conduct
comprehensive numerical calculation for cortical bones with
different porosities and demonstrate the capability of the new
model to quantitatively predict the scattering characteristics
of cortical bones. In this work, real cortical bones are modeled
as a poroelastic medium with spherical pores saturated
by water. The dimensionless velocity variation and the
attenuation are plotted versus the dimensionless frequency.
The properties of the reference medium are listed in table 5.
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Figure 35: Velocity and attenuation of coherent longitudinal waves in cortical bone with different porosities.

Dispersion and attenuation of longitudinal coherent
waves: The dispersion and attenuation of longitudinal
waves are shown in figure 35.

According to the characteristics of the dispersion curves,
the frequency domain can be divided into four regions:

RegionI (0 <k, d <1): Starting from quasi-staticlimits, the
wave undergoes negative dispersion. The velocity assumes
its minimum at a dimensionless frequency near unity. The
attenuation increases with frequency following a power law.
There is only one propagation mode in this region;

Region II: After assuming its minimum, the velocity
becomes positively dispersive. The attenuation increases
with frequency in a general nonlinear manner. There is still
only one propagation mode;

Region III: There are two propagation modes in this
region, both have positive dispersion. The width of this range
is strongly dependent on the volume fraction of the pores, the
smaller the fpure, the wider the Region III. At the emergence
of the second mode, its velocity is nearly identical to that of

the first mode, then the velocity difference becomes larger
as the frequency continues to increases. We can also observe
that the difference increases with porosity. This result tells
us that the two propagation modes are more easily observed
in bones with high-volume fractions. The attenuation of the
second mode is very large and then decreases rapidly. When
the pore volume fraction is smaller than 6%, the fast mode
has larger attenuation, when f  is greater than 7%, the

pore

slow mode has larger attenuation;

Region IV: The velocity of the fast mode quickly
approaches the upper limit, and then goes beyond that
of pure bone, which indicates that the coherent wave
disappears. The slow mode becomes negatively dispersive
and quickly approaches its lower limit.

The above results are presented in the dimensionless
parameter space. However, in practical applications we need
to analyze the dispersion behavior in the physical space. In
doing so, the velocity and attenuation coefficient against the
frequency f are replotted in figures 36. Figure 36 shows the
effects of porosity on the dispersion behavior by considering
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Figure 36: Longitudinal dispersion (a), (c) and attenuation (b), (d) of cortical bone with different porosities: d=100 pum.
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Figure 37: Longitudinal dispersion (a) and attenuation (b) of cortical bone with different diameters: fl'm:IO%.

cortical bones with fixed pore diameter d=100 um and
various porosities, ranging from 1% to 10%.

From figures 36(a) and (c) we observe that the velocity
decreases as the porosity increases, and the negative
dispersion in the frequency band [0,5] MHz becomes more
evident as the porosity increasing. It is also observed that
the attenuation increases monotonically with porosity.

The effects of pore diameter on dispersion and
attenuation are shown in figure 37, where born samples
with fixed porosity fpore=10% but various pore diameters d
=50, 100, 150 and 200 pm are considered. It is observed the
pore diameter does not change the quasi-static limit of the
velocity. Instead, it changes the dispersion and attenuation

following a scaling law, i.e., the dispersion curves are
compressed horizontally as the pore diameter increases. As
a consequence, bone samples with larger pore diameter have
more obvious negative dispersion and becomes positively
dispersive at a relatively low frequency.

The coexistence of two propagation modes is frequently
mentioned in the literature but rarely quantified to the
author’s best knowledge. The new model allows us to
estimate the condition under which two propagation modes
can exist. [tis seen from figure 35 that when the second mode
just emerge, its velocity is extremely close to the first one.
Meanwhile, the attenuation of the new mode is very large,
so it is extremely difficult to discriminate the two modes.
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Figure 38: Velocity and attenuation of coherent transverse waves in cortical bone with different porosities.

Indeed, the wave observed in experiments is a superposition
of the two modes, and the dispersion behavior lies between
the two. When the volume fraction of the pores is relatively
large, reaching a value between 20% to 30%, the difference
between the velocities of the two modes is relatively large. If
the average pore size is also not very small, about 200~300
um in diameter, it is possible to observe the two modes
experimentally.

Dispersion and attenuation of transverse coherent
waves: The dispersion and attenuation of transverse waves
are shown in figure 38.

According to the characteristics of the dispersion curves,
the frequency domain can be divided into three regions:

Region I (0 < k,,d < 2): There is one propagation mode
with negative dispersion;

Region II: There are two propagation modes in this region,
one has positive dispersion with larger velocity. The width
of this range is strongly dependent on the volume fraction of
the pores, the smaller thefpore, the broader the region II. The
magnitude of the dispersion increases with porosity;

Region III: The velocity of the fast mode quickly goes
beyond the upper bound of the two component materials,
indicating the disappearance of the coherent wave. The slow
mode keeps negatively dispersive and quickly approaches
its lower limit. The existence of the slow mode needs to be
verified by experiments or numerical simulations.

The transverse wave dispersion and attenuation of
cortical bones with a fixed pore diameter and different
porosities are shown in figure 39. Similar to longitudinal
waves, the velocity decreases and the attenuation increases
as the porosity increases.

Figure 40 shows the effects of pore diameter on the
dispersion and attenuation of transverse waves. They
also follow a scaling law. As the pore diameter increasing,
the velocity decreases more rapidly and the attenuation
increases dramatically, though the quasi-static limit of the
velocity keeps constant.

Through the foregoing examples we see the new model
establishes an accurate quantitative relation between the
wave propagation parameters and the bone microstructural
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Figure 40: Transverse dispersion (a) and attenuation (b) of cortical bone with different diameters:fp =10%.

information, and consequently, it provides a promising
inversion model for quantitative bone characterization
by using the two most important parameters: broadband
ultrasonic attenuation (BUA) and speed of sound (SOS).

This work provides a completely independent theoretical
framework for the prediction of dispersion behavior in fluid-
saturated poroelastic materials. In contrast to Biot's model, the

ore

new model does notrequire any phenomenological parameters.
Most importantly, the negative dispersion behavior, which
is extremely difficult to predict by Biot's model, is perfectly
captured in the new model. The new model supersedes the
single scattering theories and discrete scattering models in that
it is applicable to poroelastic materials with relatively large
pore diameter and pore volumetric concentration.
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Discussion

In the foregoing sections, we have demonstrated several
practical applications of the new model, we are now at a
position to discuss numerical and experimental validations
of the model, and future work for possible extensions.

First of all, we need to point out that as a statistical model,
providing an estimation of the statistical properties of the
microstructure is sufficient for practical applications, such
as clinical diagnosis or microstructure characterization.
Accurate numerical and experimental verifications of this
model are out of the scope of the current work. Nevertheless,
it is meaningful to give a detailed discussion on how to
conduct successful numerical and experimental verification
for the new model. Up to date, significant efforts have
been devoted to numerical simulation of wave scattering
in heterogeneous materials using Finite-Difference-Time-
Domain (FDTD) algorithms [29,71,195-198], finite element
method (FEM) [67,68,199,200] and spectral element
method (SEM) [195]. Compared to experimental approaches,
numerical simulation provides an efficient and flexible way
to validate different theoretical models. The most attractive
feature is its capability of generating finely controlled
microstructures. Numerical models for heterogeneous
materials with different types of spatial correlation functions
[29], with specific material property combination, and with
different realizations of random media can be created using
advanced preprocessing techniques, such as the Voronoi
tessellations [67,68,155]. Moreover, time domain signals
with arbitrary waveform and at any frequencies can also
be generated, which enables the possibility of extracting
the dispersion and attenuation features in a wide frequency
band. Another advantage of numerical simulation is it
provides a flexible approach to extract signals at any
numerical nodes and at any sections at the post-processing
stage, which is impractical in experiments. Numerical
approaches do not introduce approximations for the
scattering process, in other words, it includes all multiple
scattering events and thus contains the complete information
of the stochastic wavefield. Nevertheless, conventional
numerical approaches suffer a number of drawbacks. For
instance, discretization with large amount of meshes often
introduces numerical dispersion and attenuation, especially
for the case of high frequency signals [195]. Additionally,
accurate description of the phase boundaries is extremely
difficult, approximation to the geometry generates spurious
diffraction [198]. Furthermore, the discontinuity of material
properties cannot be accurately accounted for. The finite
difference method frequently replaces the phase interfaces
separating materials with sharp property contrast by an
additional mesh with average properties of the adjacent
materials [70]. Such homogenization scheme will inevitably
change the scattering behavior of the inclusions. It is also
noted the derivatives of the displacement is discontinuous
at the phase boundaries, which may lead to numerical
instability. Consequently, developing new numerical
algorithms is necessary to conduct accurate full-frequency-
range simulation of the multiple scattering phenomenon in

strong-property-fluctuation materials. An ideal numerical
simulation should satisfy the following conditions: (1)
Negligible numerical dispersion and attenuation induced
by mesh discretization; (2) The numerical algorithm should
be pure, free of artificial excitation or dissipation; (3) The
microstructure should be finely controlled, including the
shape and size of the grains/pores, the distribution of the
pores, no overlap of the inclusions should be introduced; (4)
As the contrast of the density and elastic stiffness between
different phases may be very large, strong scattering
occurs at these phase boundaries, so in the simulation
no approximation of the boundary conditions should be
introduced; (5) Proper boundary conditions of the sample
should be introduced to avoid undesired reflections, perfect-
matching-layer gets in trouble when dealing with highly
inhomogeneous media, symmetric boundary conditions,
periodic boundary conditions are preferred; (6) An ideal
source of signal for extracting the dispersion characteristics
is a plane wave with infinite extent, finite sources should be
avoided, (7) In the high frequency range, the discretization
in the space and time domain, i.e., the time step At and the
grid spacing Ax must be sufficient to capture the scatterer-
wave interaction; (8) To facilitate the observation of the fast
and slow modes, the sample should be large enough, so that
each of the signals are completely separated. Additionally,
high-quality signal processing techniques are also necessary
for the analysis of its spectral content since these signals are
highly attenuated.

Researchers have conducted comprehensive
experimental studies on the velocity dispersion and
attenuation of multiple scattered waves in polycrystalline
metals [201,202], particulate composites [203,204] and
cortical and trabecular bone [67,72,73]. These works
provide valuable data for evaluating the validity and
accuracy of different theoretical models. However, the
relevance of the data obtained in the previous experiments
to the theoretical predictions in this work is questionable.
Accurate experimental verification of the new model is
still a very challenging task. A successful experimental
verification should meet the following requirements: (1)
The microstructure must be finely controlled, including
the shape, size and distribution, especially that the spatial
autocorrelation functions should match the theoretical
hypothesis; (2) No microcracks, interfacial diffusion/
debonding or air bubbles should be introduced in the sample;
(3) Planar and/or focused transducers are frequently used
in practical backscattering and transmission measurements,
both of which have finite beam width. Consequently, the
diffraction effects must be properly corrected before the
dispersion and attenuation of a plane wave component
can be extracted [40,205,206]; (4) Sufficient propagation
distance is required to establish a stable multiple scattering
signal, so the sample should have a reasonable size. 3D
printing is a promising technology for manufacturing such
heterogeneous materials, but its capability still needs to
verify.

The current work has laid the foundation of the multiple
scattering theory for strong fluctuation materials. It can be
extended in many aspects to incorporate more complicated
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microstructures. To the author’s best knowledge, the
following directions for future developments can be
distinguished. First, it is reported that a number of
heterogeneous materials have ellipsoidal inclusions. For
example, Lotus-Type porous metals have slender cylindrical
pores aligned in one direction [181]. High-temperature
titanium alloys used in jet engine foils and disks also
exhibit ellipsoidal grains due to certain thermomechanical
procedures like rolling and casting [209]. To capture these
microstructural information, a multiple scattering model for
heterogeneous media with aligned ellipsoidal inclusions are
in need. Second, the current model only considers materials
with isotropic constituent materials. It is well known that
polycrystalline alloys are composed ofanisotropic crystallites
with random or preferred orientations (textures). In order
to take the crystallographic information into consideration,
a multiple scattering model for alloys with anisotropic
grains is necessary. Third, in this work we only considered
random media with exponential correlation functions, which
is appropriate for the description of inclusions with sharp
boundaries. For heterogeneities with blurred boundary,
Gaussian correlation function is the most proper choice. The
Von-Karman type correlation function is adopted to describe
inhomogeneous materials with self-similar microstructures.
Thus, the current model can also be extended to study the
scattering phenomena occurred in heterogeneous materials
with different statistical characteristics. Fourth, this work
only considers pure elastic materials, while the anelastic
behaviors are completely neglected. Studying the relative
contribution of scattering and viscoelasticity to the overall
attenuation is important for a more accurate explanation
of the measured seismic data. According to the theory of
viscoelasticity, the effects of viscosity can be accounted for
by introducing an imaginary part in the elastic constants. The
work provides a theoretical framework naturally suitable for
incorporating this type of complexities. Fifth, in the spirit of
this work, a system of renormalized Bethe-Salpeter equation
can also be developed, which further paves the way for the
development of new radiative transfer theory. The new
theory is anticipated to give a more accurate description of
the energy diffusion in the regime where no coherent waves
can exist [3,48,125].

Conclusion

This work provides an accurate and universal theoretical
framework for investigation of elastic wave scattering in a
wide variety of heterogeneous media, such as heterogeneous
earth, metallic polycrystals, granular composite materials
and biomedical materials like bone. The new model
establishes accurate quantitative microstructure-property
relations and fully supports characterization and inversion of
microstructures by utilizing the dispersion and attenuation
information. A series of numerical examples have been
carried out to demonstrate its potential applications in
seismology, ultrasonic nondestructive characterization,
and bone quantitative ultrasound. Compared with current
scattering theories, the new model possesses a series
of advantages. The most prominent feature is that it is
developed based on the accurate elastodynamic equations
and the renormalized Dyson’s equation, throughout the

derivation no approximations are introduced except the
first-order smoothing approximation. It naturally considers
the mode conversion between longitudinal and transverse
waves and the effects of phase boundaries. With the proper
choice of the reference homogeneous medium and by using
the Fourier transform technique, the new model is capable
of predicting the dispersion and attenuation of coherent
waves for heterogeneous media with arbitrary property
fluctuation in the whole frequency range. Meanwhile, the
input ofthe model is extremely simple. It does notrequire any
phenomenological parameters as common effective medium
models do. With the advanced numerical algorithms, exact
dispersion and attenuation for a wide variety of medium
models are obtained for the first time. Most importantly, a
series of important discoveries have been made based on the
results. [tis shown that the negative dispersion phenomenon
is a common feature of two-phase elastic materials with
strong property fluctuation. The appearance of two sets
of longitudinal and transverse propagation modes in the
intermediate to high frequency range is a bifurcation
phenomenon caused by the multiple scattering process.
The exact condition under which the bifurcation occurs is
accurately predicted by the new model. For weak-property-
fluctuation materials, the velocities of the two modes at very
high frequencies approach the geometric limits, while for
strong-property-fluctuation materials the coherent waves
disappear at relatively high frequencies, which is indicated
by the model by giving a velocity lager than the upper bound
of the constituent phases. At relatively low frequencies, both
the dimensionless attenuation and Q-factors increase with
frequency following a power law, while at high frequencies,
the dimensionless attenuation approaches a constant value
near unity and the Q-factor decreases following an inverse
power law. Both the longitudinal and transverse Q-factors
reach a summit at a critical intermediate frequency,
which perfectly confirms Aki’s conjecture. The curves of
Q-factors and Q-factor ratios predicted by the model show
excellent agreement with that collected from seismic data,
showing that multiple scattering plays a dominant role
in determining the attenuation of seismic waves. These
new discoveries suggest us to interpret the seismic data
in the new theoretical framework, and reexamine all the
conclusions based on the classical multi-layered model, such
as the existence of the Mohorovici¢ discontinuity. Finally,
this work paves the way for developing more advanced
models to characterize heterogeneous materials with more
complicated microstructures.

References

1. WuR-S, Aki K (1989-1990) Scattering and Attenuation of Seismic Waves,
Parts I-I1I. Birkhauser Verlag.

2. Aki K, Richards PG (1980) Quantitative Seismology: Theory and Methods.
WH Freeman and Company.

3. Sato H, Fehler MC, Maeda T (2012) Seismic wave propagation and
scattering in the heterogeneous earth, the second edition. Springer-
Verlag.

4. Mitchell BJ], Romanowicz B (1999) Q of the Earth: Global, regional, and
laboratory studies. Birkhauser Verlag, Basel.

5. Aki K (1973) Scattering of P waves under the Montana Lasa. ] Geophys
Res 78: 1334.

J Multidis Res Rev 2020


https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
file:///F:/Journal/JMRR/JMRR%20vol%202/JMRR%202-1/JMRR-%20Ai/Quantitative Seismology:%20Theory and Methods
file:///F:/Journal/JMRR/JMRR%20vol%202/JMRR%202-1/JMRR-%20Ai/Quantitative Seismology:%20Theory and Methods
file:///F:/Journal/JMRR/JMRR%20vol%202/JMRR%202-1/JMRR-%20Ai/Quantitative Seismology: Theory and Methods
file:///F:/Journal/JMRR/JMRR%20vol%202/JMRR%202-1/JMRR-%20Ai/Quantitative Seismology: Theory and Methods
file:///F:/Journal/JMRR/JMRR%20vol%202/JMRR%202-1/JMRR-%20Ai/Quantitative Seismology: Theory and Methods
file:///F:/Journal/JMRR/JMRR%20vol%202/JMRR%202-1/JMRR-%20Ai/Quantitative Seismology: Theory and Methods
file:///F:/Journal/JMRR/JMRR%20vol%202/JMRR%202-1/JMRR-%20Ai/Quantitative Seismology: Theory and Methods
https://doi.org/10.1029/JB078i008p01334
https://doi.org/10.1029/JB078i008p01334

www.innovationinfo.org

6. Aki K (1980) Scattering and attenuation of shear waves in the lithosphere.
] Geophys Res 85: 6496.

7. Aki K, Chouet B (1975) Origin of Coda Waves: Source, Attenuation, and
Scattering Effects. ] Geophys Res 80: 3322.

8. Wu R-S, Aki K (1985) Elastic wave scattering by a random medium and
the small-scale inhomogeneities in the lithosphere. ] Geophys Res 90: 10261.

9. Wu R-S (1985) Multiple scattering and energy transfer of seismic waves
- separation of scattering effect from intrinsic attenuation - 1. Theoretical
modeling. Geophys ] Royal Astronomical Soc 82: 57.

10.Wu R-S (1982) Mean field attenuation and amplitude attenuation due to
wave scattering. Wave Motion 4: 305.

11.Wu R-S (1982) Attenuation of short period seismic waves due to scattering.
Geophys Res L 9: 9.

12.Calvet M, Margerin L (2012) Velocity and attenuation of scalar and elastic
waves in random media: A spectral function approach. ] Acoust Soc Am
131:1843.

13.Calvet M, Margerin L (2008) Constraints on grain size and stable iron
phases in the uppermost Inner Core from multiple scattering modeling
of seismic velocity and attenuation. Earth and Planetary Science Letters
267:200.

14.Calvet M, Margerin L (2016) Impact of grain shape on seismic attenuation
and phase velocity in cubic polycrystalline materials. Wave Motion 65: 29.

15.Margerin L, Nolet G (2003) Multiple scattering of high-frequency seismic
waves in the deep Earth: modeling and numerical examples. ] Geophys
Res 108: ESE 2-1.

16.Li XF, Hudson JA (1996) Multiple scattering of elastic waves from a
continuous and heterogeneous region. Geophys ] Int 126: 845.

17.Li XF (2001) Scattering of seismic waves in arbitrarily heterogeneous and
acoustic media: A general solution and simulations. Geophys Res Lett 28: 3003.

18.Roth M, Korn M (1993) Single scattering theory versus numerical
modeling in 2-D random media. Geophys ] Int 112: 124.

19.Dvorkin ], Nur A (1993) Dynamic poroelasticity: a unified model with the
squirt and the Biot mechanisms. Geophys 58: 524.

20.Dvorkin ], Nolen-Hoeksema R, Nur A (1994) The squirt-flow mechanism:
macroscopic description. Geophys. 59: 428.

21.Dvorkin ], Mavko G, Nur A (1995) Squirt flow in fully saturated rocks.
Geophys 60: 97.

22.Pride SR, Berryman ]G, Harris JM (2004) Seismic attenuation due to
wave-induced flow. ] Geophys Res 109: B01201.

23.Tang XM (2011) A unified theory for elastic wave propagation through
porous media containing cracks - An extension of Biot’s poroelastic wave
theory. Sci China Earth Sci 54: 1441.

24.Ciz R, Gurevich B, Markov M (2006) Seismic attenuation due to wave-
induced fluid flow in a porous rock with spherical heterogeneities.
Geophys ] Int 165: 957.

25.Muller TM, Gurevich B, Lebedev M (2010) Seismic wave attenuation and
dispersion resulting from wave-induced flow in porous rocks - A review.
Geopgys 75: 75A147.

26.Muller TM, Gurevich B (2005) A first-order statistical smoothing
approximation for the coherent wave field in random porous media. ]
Acoust Soc Am 117: 1796.

27.Muller TM, Gurevich B, Shapiro SA (2008) Attenuation of seismic waves
due to wave-induced flow and scattering in randomly heterogeneous
poroelastic continua. Adv Geophys 50: 123.

28.Shapiro SA, Kneib G (1993) Seismic attenuation by scattering: theory and
numerical results. Geophys ] Int 114: 373.

29.Frankel A, Clayton RW (1986) Finite difference simulation of seismic
scattering: Implications for the propagation of short-period seismic waves
in the crust and models of crustal heterogeneity. ] Geophys Res 91: 6465.

30.Yoshimoto K, Sato H, Ohtake M (1993) Frequency-dependent attenuation
of P and S waves in the Kanto area, Japan, based on the coda-normalization
method. Geophys | Int 114: 165.

31.Yoshimoto K, Takemura S, Kobayashi M (2015) Application of scattering
theory to P-wave amplitude fluctuations in the crust. Earth, Planets and
Space 67: 199.

32.Tittgemeyer M, Wenzel F, Fuchsl K, Ryberg T (1996) Wave propagation
in a multiple-scattering upper mantle - observations and modelling.
Geophys ] Int 127: 492.

33.Kuster GT, Toksoz MN (1974) Velocity and attenuation of seismic waves
in two-phase media: Part I. theoretical fundamentals. Geophys 39: 587.

34.Walls ], Taner MT, Uden R, Singleton S, Derzhi N, et al. (2006) Novel use
of P- and S-wave seismic attenuation for deep natural gas exploration and
development. Final report: DE-FC26-04NT42243.

35.Raji WO (2013) The use of seismic attenuation to indicate saturation in
hydrocarbon reservoirs: Theoretical study and modelling approach. Adv
Appl Sci Res 4: 45.

36.Ivanchuk M, Tarkhova LF (1974) Application of seismic surveying to
direct exploration for oil and gas. Petroleum Geology: A digest of Russian
literature on Petroleum Geology 12: 396.

37.Rose JH (1991) Ultrasonic backscattering from polycrystalline aggregates
using time-domain linear response theory. Rev Prog Quant Nondestruct
Eval 10B: 1715.

38.Rose JH (1992) Ultrasonic backscatter from microstructure. Rev Prog
Quant Nondestruct Eval 11: 1677.

39.Rose JH (1993) Theory of ultrasonic backscatter from multiphase
polycrystalline solids. Rev. Prog. Quant. Nondestruct. Eval. 12: 1719.

40.Margetan FJ, Thompson RB, Yalda-Mooshabad I, Han YK (1993)
Detectability of small flaws in advanced engine alloys. U.S. Air Force
Technical Report, Center for NDE, lowa State University.

41.Han YK (1994) Relationship between the ultrasonic grain noise and
microstructure in two-phase microstructures. lowa State University.

42.Hirsekorn S (1988) The scattering of ultrasonic waves by multiphase
polycrystals. ] Acoust Soc Am 83: 1231.

43.Hirsekorn S (1985) The scattering of ultrasonic waves in polycrystalline
materials with texture. ] Acoust Soc Am 77: 832.

44.Hirsekorn S (1983) The scattering of ultrasonic waves by polycrystals. I1.
Shear waves. ] Acoust Soc Am 73: 1160.

45.Hirsekorn S (1982) The scattering of ultrasonic waves by polycrystals. |
Acoust Soc Am 72: 1021.

46.Stanke FE, Kino GS (1984) A unified theory for elastic wave propagation
in polycrystalline materials. ] Acoust Soc Am 75: 665.

47.Stanke FE (1983) Unified theory and measurements of elastic waves in
polycrystalline materials. Stanford University.

48.Weaver RL (1990) Diffusivity of ultrasound in polycrystals. ] Mech Phys
Solids 38: 55.

49.Kube CM, Turner JA (2015) Voigt Reuss, Hill, and Self-consistent
techniques for modeling ultrasonic scattering.

50.Kube CM, Turner JA (2015) Ultrasonic attenuation in polycrystals using a
self-consistent approach. Wave Motion 57: 182.

51.Ghoshal G, Turner JA (2010) Diffuse ultrasonic backscatter at normal
incidence through a curved interface. ] Acoust Soc Am 128: 3449.

52.Turner JA, Weaver RL (1995) Single scattering and diffusive limits of the
ultrasonic radiative transfer equation. Rev Prog Quant Nondestruct Eval
14:75.

53.Ghoshal G, Turner JA, Weaver RL (2007) Wigner distribution of a
transducer beam pattern within a multiple scattering formalism for
heterogeneous solids. ] Acoust Soc Am 122: 2009.

54.Yang LY, Turner JA, Li Z (2007) Ultrasonic characterization of
microstructure evolution during processing. ] Acoust Soc Am 121: 50.

J Multidis Res Rev 2020


https://doi.org/10.1029/JB085iB11p06496
https://doi.org/10.1029/JB085iB11p06496
https://doi.org/10.1029/JB080i023p03322
https://doi.org/10.1029/JB080i023p03322
https://doi.org/10.1029/JB090iB12p10261
https://doi.org/10.1029/JB090iB12p10261
https://doi.org/10.1111/j.1365-246X.1985.tb05128.x
https://doi.org/10.1111/j.1365-246X.1985.tb05128.x
https://doi.org/10.1111/j.1365-246X.1985.tb05128.x
https://doi.org/10.1016/0165-2125(82)90026-9
https://doi.org/10.1016/0165-2125(82)90026-9
https://doi.org/10.1029/GL009i001p00009
https://doi.org/10.1029/GL009i001p00009
https://doi.org/10.1121/1.3682048
https://doi.org/10.1121/1.3682048
https://doi.org/10.1121/1.3682048
https://doi.org/10.1016/j.epsl.2007.11.048
https://doi.org/10.1016/j.epsl.2007.11.048
https://doi.org/10.1016/j.epsl.2007.11.048
https://doi.org/10.1016/j.epsl.2007.11.048
https://doi.org/10.1016/j.wavemoti.2016.04.001
https://doi.org/10.1016/j.wavemoti.2016.04.001
https://doi.org/10.1029/2002JB001974
https://doi.org/10.1029/2002JB001974
https://doi.org/10.1029/2002JB001974
https://doi.org/10.1111/j.1365-246X.1996.tb04707.x
https://doi.org/10.1111/j.1365-246X.1996.tb04707.x
https://doi.org/10.1029/2000GL012658
https://doi.org/10.1029/2000GL012658
https://doi.org/10.1111/j.1365-246X.1993.tb01442.x
https://doi.org/10.1111/j.1365-246X.1993.tb01442.x
https://doi.org/10.1190/1.1443435
https://doi.org/10.1190/1.1443435
https://doi.org/10.1190/1.1443605
https://doi.org/10.1190/1.1443605
https://doi.org/10.1190/1.1443767
https://doi.org/10.1190/1.1443767
https://doi.org/10.1029/2003JB002639
https://doi.org/10.1029/2003JB002639
https://www.researchgate.net/deref/http%3A%2F%2Fdx.doi.org%2F10.1007%2Fs11430-011-4245-7
https://www.researchgate.net/deref/http%3A%2F%2Fdx.doi.org%2F10.1007%2Fs11430-011-4245-7
https://www.researchgate.net/deref/http%3A%2F%2Fdx.doi.org%2F10.1007%2Fs11430-011-4245-7
https://doi.org/10.1111/j.1365-246X.2006.02968.x
https://doi.org/10.1111/j.1365-246X.2006.02968.x
https://doi.org/10.1111/j.1365-246X.2006.02968.x
https://doi.org/10.1190/1.3463417
https://doi.org/10.1190/1.3463417
https://doi.org/10.1190/1.3463417
https://doi.org/10.1121/1.1871754
https://doi.org/10.1121/1.1871754
https://doi.org/10.1121/1.1871754
https://www.researchgate.net/deref/http%3A%2F%2Fdx.doi.org%2F10.1016%2FS0065-2687(08)00005-8
https://www.researchgate.net/deref/http%3A%2F%2Fdx.doi.org%2F10.1016%2FS0065-2687(08)00005-8
https://www.researchgate.net/deref/http%3A%2F%2Fdx.doi.org%2F10.1016%2FS0065-2687(08)00005-8
https://doi.org/10.1111/j.1365-246X.1993.tb03925.x
https://doi.org/10.1111/j.1365-246X.1993.tb03925.x
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://doi.org/10.1111/j.1365-246X.1993.tb01476.x
https://doi.org/10.1111/j.1365-246X.1993.tb01476.x
https://doi.org/10.1111/j.1365-246X.1993.tb01476.x
https://link.springer.com/article/10.1186/s40623-015-0366-0
https://link.springer.com/article/10.1186/s40623-015-0366-0
https://link.springer.com/article/10.1186/s40623-015-0366-0
https://doi.org/10.1111/j.1365-246X.1996.tb04735.x
https://doi.org/10.1111/j.1365-246X.1996.tb04735.x
https://doi.org/10.1111/j.1365-246X.1996.tb04735.x
https://doi.org/10.1190/1.1440450
https://doi.org/10.1190/1.1440450
https://netl.doe.gov/node/3208
https://netl.doe.gov/node/3208
https://netl.doe.gov/node/3208
https://doi.org/10.1190/segam2012-0309.1
https://doi.org/10.1190/segam2012-0309.1
https://doi.org/10.1190/segam2012-0309.1
http://archives.datapages.com/data/rus_pet_geol/data/012/012008/396_pg120396.htm
http://archives.datapages.com/data/rus_pet_geol/data/012/012008/396_pg120396.htm
http://archives.datapages.com/data/rus_pet_geol/data/012/012008/396_pg120396.htm
https://link.springer.com/chapter/10.1007/978-1-4615-3742-7_75
https://link.springer.com/chapter/10.1007/978-1-4615-3742-7_75
https://link.springer.com/chapter/10.1007/978-1-4615-3742-7_75
https://link.springer.com/chapter/10.1007/978-1-4615-2848-7_221
https://link.springer.com/chapter/10.1007/978-1-4615-2848-7_221
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://lib.dr.iastate.edu/cgi/viewcontent.cgi?article=12261&context=rtd
https://lib.dr.iastate.edu/cgi/viewcontent.cgi?article=12261&context=rtd
https://doi.org/10.1121/1.395978
https://doi.org/10.1121/1.395978
https://doi.org/10.1121/1.392052
https://doi.org/10.1121/1.392052
https://doi.org/10.1121/1.389206
https://doi.org/10.1121/1.389206
https://doi.org/10.1121/1.388233
https://doi.org/10.1121/1.388233
https://doi.org/10.1121/1.390577
https://doi.org/10.1121/1.390577
https://www.semanticscholar.org/paper/Unified-theory-and-measurements-of-elastic-waves-in-Stanke/649e35738d47d19b0e2a4fa0b04be854ffc402b0
https://www.semanticscholar.org/paper/Unified-theory-and-measurements-of-elastic-waves-in-Stanke/649e35738d47d19b0e2a4fa0b04be854ffc402b0
https://doi.org/10.1016/0022-5096(90)90021-U
https://doi.org/10.1016/0022-5096(90)90021-U
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://doi.org/10.1016/j.wavemoti.2015.04.002
https://doi.org/10.1016/j.wavemoti.2015.04.002
https://doi.org/10.1121/1.3500683
https://doi.org/10.1121/1.3500683
https://link.springer.com/chapter/10.1007/978-1-4615-1987-4_6
https://link.springer.com/chapter/10.1007/978-1-4615-1987-4_6
https://link.springer.com/chapter/10.1007/978-1-4615-1987-4_6
https://doi.org/10.1121/1.2773989
https://doi.org/10.1121/1.2773989
https://doi.org/10.1121/1.2773989
https://doi.org/10.1121/1.2382749
https://doi.org/10.1121/1.2382749

www.innovationinfo.org

55.Kube CM, Turner JA (2015) Acoustic attenuation coefficients for
polycrystalline materials containing crystallites of any symmetry class. ]
Acoust Soc Am 137: EL476.

56.Turner JA, Weaver RL (1994) Radiative transfer and multiple scattering
of diffuse ultrasound in polycrystalline media. ] Acoust Soc Am 96: 3675.

57.Turner JA (1999) Elastic wave propagation and scattering in
heterogeneous, anisotropic media: Textured polycrystalline materials. ]
Acoust Soc Am 106: 541.

58.TurnerJA, Anugonda P (2001) Scattering of elastic waves in heterogeneous
media with local isotropy. ] Acoust Soc Am 109: 1787.

59.Sabina FJ, Willis JR (1988) A simple self-consistent analysis of wave
propagation in particulate composites. Wave Motion 10: 127.

60.Willis JR (1980) A polarization approach to the scattering of elastic
waves-1. Scattering by a single inclusion. ] Mech Phys Solids 28: 287.

61.Willis JR (1980) A polarization approach to the scattering of elastic
waves-II. Multiple Scattering from inclusions. ] Mech Phys Solids 28: 307.

62.Sabina F], Smyshlyaev VP, Willis JR (1993) Self-consistent analysis of
waves in a matrix-inclusion composite-1. Aligned spheroidal inclusions. ]
Mech Phys Solids 41: 1573.

63.Smyshlyaev VP, Willis JR, Sabina FJ] (1993) Self-consistent analysis of
waves in a matrix-inclusion composite-II. Randomly oriented spheroidal
inclusions. ] Mech Phys Solids 41: 1589.

64.Sabina FJ, Smyshlyaev VP, Willis JR (1993) Self-consistent analysis of
waves in a matrix-inclusion composite-1Il. A matrix containing cracks. ]
Mech Phys Solids 41: 1809.

65.Beltzer Al (1983) On wave propagation in random particulate composites.
Int ] Solids Structures 19: 785.

66.Beltzer Al, Brauner N (1985) Elastic waves propagation in polycrystalline
media: A causal response. Appl Phys Lett 47: 1054.

67.Pamel VA (2015) Ultrasonic inspection of highly scattering materials.
Imperial College London.

68.Pamel V, Brett CR, Huthwaite P, Lowe M]JS (2015) Finite element
modeling of elastic wave scattering within a polycrystalline material in
two and three dimensions. ] Acoust Soc Am 138: 2326.

69.Shung KK, Thieme GA (1992) Ultrasonic Scattering in Biological Tissues.
CRC Press.

70.Laugier P, Haiat G (2011) Bone quantitative ultrasound. Springer.

71.Haiat G, Padilla F, Barkmann R, Gluer C-C, Laugier P (2006) Numerical
simulation of the dependence of quantitative ultrasonic parameters on
trabecular bone microarchitecture and elastic constants. Ultrasonics
44:e289.

72.Sasso M, Haiat G, Yamato Y, Naili S, Matsukawa M (2007) Frequency
dependence of ultrasonic attenuation in bovine cortical bone: An in vitro
study. Ultrasound in Med and Biol 33: 1933.

73.Haiat G, Sasso M, Naili S, Matsukawa M (2008) Ultrasonic velocity
dispersion in bovine cortical bone: an experimental study. ] Acoust Soc Am
124:1811.

74.Barbieri G, Barbieri CH, Matos PS, Peld CA, Mazzer N (2009) A4
comparative study of ultrasonic velocity and attenuation in the evaluation
of bone healing. Acta Ortop Bras 17: 273.

75.Lakes RS, Yoon HS, Katz JL (1986) Ultrasonic wave propagation and
attenuation in wet bone. ] Biomed Eng 8: 143.

76.Rho JY (1996) An ultrasonic method for measuring the elastic properties
of human tibial cortical and cancellous bone. Ultrasonics 34: 777.

77.Trebacz H, Gawda H (2001) The estimation of structural anisotropy of
trabecular and cortical bone tissues based on ultrasonic velocity and
attenuation. Acta Bioeng Biomech 3: 41.

78.Wang XD, Ni QW (2003) Determination of cortical bone porosity and pore
size distribution using a low field pulsed NMR approach. ] Orthop Res
21:312.

79.Biot MA (1956) Theory of propagation of elastic waves in a fluid-saturated
porous solid. I. Low-frequency range. ] Acoust Soc Am 28: 168.

80.Biot MA (1956) Theory of propagation of elastic waves in a fluid-saturated
porous solid. Il. Higher-frequency range. ] Acoust Soc Am 28: 179.

81.Biot MA (1962) Mechanics of deformation and acoustic propagation in
porous media. ] Appl Phys 33: 1482.

82.Plona TJ (1980) Observation of a second bulk compressional wave in a
porous medium at ultrasonic frequencies. Appl Phys Lett 36: 259.

83.Bourbie T, Coussy O, Zinszner B (1988) Acoustics of Porous Media. CRC
Press.

84.Fjar E, Holt RM, Raaen AM, Risnes R, Horsrud P (2008) Petroleum Related
Rock Mechanics. Elsevier Science.

85.Voyiadjis GZ, Song CR (2006) The Coupled Theory of Mixtures in
Geomechanics with Applications. Springer.

86.Kudarova A (2016) Effective models for seismic wave propagation in
porous media. Delft University of Technology.

87.Johnston DH, Toksoz MN, Timur A (1979) Attenuation of seismic waves in
dry and saturated rocks: mechanisms. Geophys 44: 691.

88.Winkler K (1985) Dispersion analysis of velocity and attenuation in Berea
sandstone. ] Geophys Res 90: 6793.

89.Anderson CC, Marutyan KR, Holland MR (2008) Interference between
wave modes may contribute to the apparent negative dispersion observed
in cancellous bone. ] Acoust Soc Am 124: 1781.

90.Lee KI, Humphrey VF, Kim B-N, Yoon SW (2007) Frequency dependencies
of phase velocity and attenuation coefficient in a water-saturated sandy
sediment from 0.3 to 1.0 MHz. ] Acoust Soc Am 121: 2553.

91.Johnson DL, Koplik ], Dashen R (1987) Theory of dynamic permeability
and tortuosity in fluid-saturated porous media. ] Fluid Mech 176: 379.

92. Hashin Z, Shtrikman S (1963) A variational approach to the theory of the
elastic behaviour of multiphase materials. ] Mech Phys Solids 11: 127.

93.Hashin Z, Shtrikman S (1962) A variational approach of the elastic
behaviour to the theory of polycrystals. ] Mech Phys Solids 10: 343.

94.Hashin Z, Shtrikman S (1962) On some variational principles in
anisotropic and nonhomogeneous elasticity. ] Mech Phys Solids 10: 335.

95.Korringa ] (1973) Theory of elastic constants of heterogeneous media. |
Math Phys 14: 509.

96.Zhuck NP, Lakhtakia A (1999) Effective constitutive properties of a
disordered elastic solid medium via the strong-fluctuation approach. Proc
Roy Soc A: Math Phys Sci 455: 543.

97.Duncan ], Mackay TG, Lakhtakia A (2008) On the homogenization of
orthotropic elastic composites by the strong-property-fluctuation theory.

98.Karal FC, Keller |B (1964) Elastic, electromagnetic, and other waves in a
random medium. ] Math Phys 5: 537.

99.Tsang L, Kong JA (1981) Application of strong fluctuation random
medium theory to scattering from vegetation-like half space. IEEE Trans
Geosci Rem Sens GE-19: 62.

100. Yueh SH, Kong JA, Shin RT (1990) Scattering from randomly oriented
scatterers with strong permittivity fluctuations. ] Electromagn Waves
Appl. 4: 983.

101. Tsang L, Kong JA (1981) Scattering of electromagnetic waves from

random media with strong permittivity fluctuations. Radio Sci 16: 303.

102. Yueh SH, Kong JA, Shin RT (1990) Scattering from randomly oriented
scatters with strong permittivity fluctuations. ] Electromagnet Wave
4:983.

103. Tsang L, Kong JA (1981) Application of strong fluctuation random
medium theory to scattering from vegetation-like half space. IEEE Trans

Geosci Rem Sens GE-19: 62.

104. Jin YQ (1990) Radiative transfer theory for strongly fluctuating,
continuous random media. Sci China A 33: 875.

J Multidis Res Rev 2020


https://doi.org/10.1121/1.4921676
https://doi.org/10.1121/1.4921676
https://doi.org/10.1121/1.4921676
https://doi.org/10.1121/1.410587
https://doi.org/10.1121/1.410587
https://doi.org/10.1121/1.427024
https://doi.org/10.1121/1.427024
https://doi.org/10.1121/1.427024
https://doi.org/10.1121/1.1367245
https://doi.org/10.1121/1.1367245
https://doi.org/10.1016/0165-2125(88)90038-8
https://doi.org/10.1016/0165-2125(88)90038-8
https://doi.org/10.1016/0022-5096(80)90021-6
https://doi.org/10.1016/0022-5096(80)90021-6
https://doi.org/10.1016/0022-5096(80)90022-8
https://doi.org/10.1016/0022-5096(80)90022-8
https://doi.org/10.1016/0022-5096(93)90014-7
https://doi.org/10.1016/0022-5096(93)90014-7
https://doi.org/10.1016/0022-5096(93)90014-7
https://doi.org/10.1016/0022-5096(93)90015-8
https://doi.org/10.1016/0022-5096(93)90015-8
https://doi.org/10.1016/0022-5096(93)90015-8
https://doi.org/10.1016/0022-5096(93)90071-M
https://doi.org/10.1016/0022-5096(93)90071-M
https://doi.org/10.1016/0022-5096(93)90071-M
https://doi.org/10.1016/0020-7683(83)90072-0
https://doi.org/10.1016/0020-7683(83)90072-0
https://doi.org/10.1063/1.96376
https://doi.org/10.1063/1.96376
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://doi.org/10.1121/1.4931445
https://doi.org/10.1121/1.4931445
https://doi.org/10.1121/1.4931445
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://doi.org/10.1016/j.ultras.2006.06.015
https://doi.org/10.1016/j.ultras.2006.06.015
https://doi.org/10.1016/j.ultras.2006.06.015
https://doi.org/10.1016/j.ultras.2006.06.015
https://doi.org/10.1016/j.ultrasmedbio.2007.05.022
https://doi.org/10.1016/j.ultrasmedbio.2007.05.022
https://doi.org/10.1016/j.ultrasmedbio.2007.05.022
https://doi.org/10.1121/1.2950091
https://doi.org/10.1121/1.2950091
https://doi.org/10.1121/1.2950091
http://dx.doi.org/10.1590/S1413-78522009000500004
http://dx.doi.org/10.1590/S1413-78522009000500004
http://dx.doi.org/10.1590/S1413-78522009000500004
https://doi.org/10.1016/0141-5425(86)90049-X
https://doi.org/10.1016/0141-5425(86)90049-X
https://doi.org/10.1016/s0041-624x(96)00078-9
https://doi.org/10.1016/s0041-624x(96)00078-9
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://doi.org/10.1016/S0736-0266(02)00157-2
https://doi.org/10.1016/S0736-0266(02)00157-2
https://doi.org/10.1016/S0736-0266(02)00157-2
https://doi.org/10.1121/1.1908239
https://doi.org/10.1121/1.1908239
https://doi.org/10.1121/1.1908241
https://doi.org/10.1121/1.1908241
https://doi.org/10.1063/1.1728759
https://doi.org/10.1063/1.1728759
https://doi.org/10.1063/1.91445
https://doi.org/10.1063/1.91445
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.springer.com/gp/book/9783540251309
https://www.springer.com/gp/book/9783540251309
http://homepage.tudelft.nl/t4n4v/9_Theses_students/Kudarova.pdf
http://homepage.tudelft.nl/t4n4v/9_Theses_students/Kudarova.pdf
https://doi.org/10.1190/1.1440969
https://doi.org/10.1190/1.1440969
https://doi.org/10.1029/JB090iB08p06793
https://doi.org/10.1029/JB090iB08p06793
https://doi.org/10.1121/1.2953309
https://doi.org/10.1121/1.2953309
https://doi.org/10.1121/1.2953309
https://doi.org/10.1121/1.2713690
https://doi.org/10.1121/1.2713690
https://doi.org/10.1121/1.2713690
https://doi.org/10.1017/S0022112087000727
https://doi.org/10.1017/S0022112087000727
https://doi.org/10.1016/0022-5096(63)90060-7
https://doi.org/10.1016/0022-5096(63)90060-7
https://doi.org/10.1016/0022-5096(62)90005-4
https://doi.org/10.1016/0022-5096(62)90005-4
https://doi.org/10.1016/0022-5096(62)90004-2
https://doi.org/10.1016/0022-5096(62)90004-2
https://doi.org/10.1063/1.1666346
https://doi.org/10.1063/1.1666346
https://doi.org/10.1098/rspa.1999.0323
https://doi.org/10.1098/rspa.1999.0323
https://doi.org/10.1098/rspa.1999.0323
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://doi.org/10.1063/1.1704145
https://doi.org/10.1063/1.1704145
https://www.researchgate.net/deref/http%3A%2F%2Fdx.doi.org%2F10.1109%2FTAP.1982.1142774
https://www.researchgate.net/deref/http%3A%2F%2Fdx.doi.org%2F10.1109%2FTAP.1982.1142774
https://www.researchgate.net/deref/http%3A%2F%2Fdx.doi.org%2F10.1109%2FTAP.1982.1142774
https://doi.org/10.1163/156939390X00717
https://doi.org/10.1163/156939390X00717
https://doi.org/10.1163/156939390X00717
https://doi.org/10.1029/RS016i003p00303
https://doi.org/10.1029/RS016i003p00303
https://www.researchgate.net/deref/http%3A%2F%2Fdx.doi.org%2F10.1163%2F156939390X00717
https://www.researchgate.net/deref/http%3A%2F%2Fdx.doi.org%2F10.1163%2F156939390X00717
https://www.researchgate.net/deref/http%3A%2F%2Fdx.doi.org%2F10.1163%2F156939390X00717
https://www.researchgate.net/deref/http%3A%2F%2Fdx.doi.org%2F10.1109%2FTAP.1982.1142774
https://www.researchgate.net/deref/http%3A%2F%2Fdx.doi.org%2F10.1109%2FTAP.1982.1142774
https://www.researchgate.net/deref/http%3A%2F%2Fdx.doi.org%2F10.1109%2FTAP.1982.1142774
https://doi.org/10.1016/0022-4073(89)90043-5
https://doi.org/10.1016/0022-4073(89)90043-5

www.innovationinfo.org

105.

106.

107.

108.

109.

110.

111.

112.

113.

114.

115.

116.

117.

118.
119.

120.

121.

122.

123.

124.

125.

126.

127.

128.
129.
130.

131.

Jin YQ, Kong JA (1985) Strong fluctuation theory for scattering,
attenuation, and transmission of microwaves through snowfall. IEEE
Trans Geosci Rem Sens GE-23: 754.

Tsang L, Kong JA, Newton RW (1982) Application of strong fluctuation
random medium theory to scattering of electromagnetic waves from
a half-space of dielectric mixture. IEEE Trans Antennas Propag
AP-30: 292.

Lim HH, Veysoglu ME, Yueh SH, Shin RT, Kong JA (1994) Random
medium model approach to scattering from a random collection of
discrete scatterers. ] Electromagn Waves 8: 801.

Jin YQ, Kong JA (1984) Strong fluctuation theory for electromagnetic
wave scattering by a layer of random discrete scatterers. ] Appl Phys
55:1364.

Jin YQ (1993) Electromagnetic scattering modelling for quantitative
remote sensing. World Scientific.

Jing X, Sheng P, Zhou M (1991) Theory of acoustic excitations in
colloidal suspensions. Phys Rev Lett 66: 1240.

Jing X, Sheng P, Zhou M (1992) Acoustic and electromagnetic
quasimodes in dispersed random media Phys Rev A 46: 6513.

Sheng P (1995) Introduction to Wave Scattering, Localization, and
Mesoscopic Phenomena. Academic Press.

Liu J, Ye L, Weitz DA, Sheng P (1990) Novel acoustic excitations in
suspensions of hard-sphere colloids. Phys Rev Lett 65: 2602.

Foldy LL (1945) The multiple scattering of waves I. General theory of
isotropic scattering by randomly distributed scatterers. Phys Rev
67:107.

Twersky V (1962) On scattering of waves by random distributions. 1.
Free-space scatterer formalism. ] Math Phys 3: 700.

Twersky V (1962) On scattering of waves by random distributions. II.
Two-space scatterer formalism. ] Math Phys 3: 724.

Lax M (1952) Multiple scattering of waves. I1. The effective field in dense
systems. Phys Rev 85: 621.

Weaver RL (1984) Waves in random media. Int ] Engng Sci 22: 1149.

Waterman PC, Truell R (1961) Multiple scattering of waves. ] Math
Phys 2: 512.

Tsang L, Kong JA, Ding K-H (2000) Scattering of electromagnetic waves
- Theories and applications. John Wiley & Sons Inc.

Tsang L, Kong JA, Ding KH, Ao CO (2001) Scattering of electromagnetic
waves - Numerical simulations. John Wiley & Sons Inc.

Tsang L, Kong JA (2001) Scattering of electromagnetic waves -
Advanced topics. John Wiley & Sons Inc.

Rytov SM, Kravtsov YA, Tatarskii VI (1989) Principles of Statistical
Radiophysics. Springer-Verlag.

Line ER, Hobbs RW, Hudson JA, Snyder DB (1998) Statistical inversion
of controlled-source seismic data using parabolic wave scattering
theory. Geophys ] Int 132: 61.

van Rossum MCW, Nieuwenhuizen TM (1999) Multiple scattering of
classical waves: microscopy, mesoscopy, and diffusion. Rev Mod Phys
71:313.

Barabanenkov YN, Kravtsov YA, Rytov SM, Tamarskii VI (1971) Status
of the theory of propagation of waves in a randomly inhomogeneous
medium. Sov Phys Usp 13: 551.

Frisch U (1968) Wave propagation in random media in Probabilistic
Methods in Applied Mathematics. Academic Press.

Sobczyk K (1985) Stochastic Wave Propagation. Elseviewer.
He HJ Propagation and Scattering of Elastic Waves.

Howell BF (1990) An introduction to seismological research: History
and development. Cambridge University Press.

Jarchow CM, Thompson GA (1989) The nature of the Mohorovici¢
discontinuity. Ann Rev Earth Planet Sci 17: 475.

132.

133.

134.

135.

136.

137.

138.

139.

140.

141.

142.

143.

144.

145.

146.

147.

148.

149.

150.

151.

152.

153.

154.

155.

156.

https://en.wikipedia.org/wiki/Mohorovi%C4%8Di%C4%87_
discontinuity.

Weaver RL (1986) Causality and theories of multiple scattering in
random media. Wave Motion 8: 473.

Weaver RL, Pao YH (1981) Dispersion relations for linear wave
propagation in homogeneous and inhomogeneous media. ] Math Phys
22:1909.

Eringen C, Suhubi ES (1975) Elastodynamics. Academic Press Inc.

Mow C, Pao YH (1971) The diffraction of elastic waves and dynamic
stress concentrations, a report prepared for United States Air Force
Project Rand. Rand.

Martin PA (2006) Multiple Scattering: Interaction of Time-Harmonic
Waves with N Obstacles. Cambridge University Press.

Gubernatis JE, Domany E, Krumhansl JA, Huberman M (1975)
Fundamental theory of elastic wave scattering by defects in elastic
materials: integral equation methods for application to ultrasonic
flaw detection. The Materials Science Center Report 2654, Cornell
University.

Bladel ] (1961) Some remarks on Green'’s dyadic for infinite space. IRE
Trans Antennas Propa 9: 563.

Finkel’berg VM (1964) The dielectric constant of mixtures. Sov Phys
Tech Phys 9: 396.

Michel B, Lakhtakia A (1995) Strong-property-fluctuation theory for
homogenizing chiral particulate composites. Phys Rev E 51: 5701.

Mackay TG, Lakhtakia A, Weiglhofer WS (2000) Strong-property-
fluctuation theory for homogenization of bianisotropic composites:
Formulation. Phys Rev E 62: 6052.

Zhuck NP (1995) Effective parameters of a statistically homogeneous
fluid with strong density and compressibility fluctuations. Phys Rev B
52:919.

Zhuck NP (1996) Strong fluctuation theory for a mean acoustic field
in a random fluid medium with statistically anisotropic perturbations. ]
Acoust Soc Am 99: 46.

Takada M, Jain B (2003) The Three-Point Correlation Function in
Cosmology. Monthly Notice Roy Astron Soc 340: 580.

Yoon MK (2005) Deep seismic imaging in the presence of a
heterogeneous overburden: Numerical modelling and case studies from
the Central Andes and Southern Andes. Freie Universitat Berlin.

KoyamaH, Yano T (2005) The relation between the two-point and three-
point correlation functions in the nonlinear gravitational clustering
regime. Astrophys ] 624: 1.

Torquato S (1999) Exact conditions on physically realizable correlation
functions of random media. ] Chem Phys 111: 8832.

Akkermans E, Montambaux G (2001) Mesoscopic Physics of Electrons
and Photons. Cambridge University Press.

Abrikosov A, Gorkov LP, Dzyaloshinski IE (1963) Methods of quantum
field theory in statistical physics. Dover Publications Inc., New York.

Rickayzen G (1980) Green’s functions and condensed matter. Dover
Publications Inc., New York.

Economou EN (1979) Green’s functions in quantum physics. Springer-
Verlag, Berlin.

Bourret RC (1962) Stochastically perturbed fields, with applications to
wave propagation in random media. IL Nuovo Cimento 26: 1.

Collin RE (1971) A comparison of selective summation techniques for
the coherent Green’s function in random media. Radio Sci 6: 991.

Torquato S (2002) Random heterogeneous materials: microstructure
and macroscopic properties. Springer-Verlag, New York.

Cui J]J, Mackay TG (2007) On convergence of the extended strong-
property-fluctuation theory for bianisotropic homogenized composites.

J Multidis Res Rev 2020


https://www.researchgate.net/deref/http%3A%2F%2Fdx.doi.org%2F10.1109%2FTGRS.1985.289394
https://www.researchgate.net/deref/http%3A%2F%2Fdx.doi.org%2F10.1109%2FTGRS.1985.289394
https://www.researchgate.net/deref/http%3A%2F%2Fdx.doi.org%2F10.1109%2FTGRS.1985.289394
https://www.researchgate.net/deref/http%3A%2F%2Fdx.doi.org%2F10.1109%2FTAP.1982.1142774
https://www.researchgate.net/deref/http%3A%2F%2Fdx.doi.org%2F10.1109%2FTAP.1982.1142774
https://www.researchgate.net/deref/http%3A%2F%2Fdx.doi.org%2F10.1109%2FTAP.1982.1142774
https://www.researchgate.net/deref/http%3A%2F%2Fdx.doi.org%2F10.1109%2FTAP.1982.1142774
https://www.tandfonline.com/doi/abs/10.1163/156939394X00597?journalCode=tewa20
https://www.tandfonline.com/doi/abs/10.1163/156939394X00597?journalCode=tewa20
https://www.tandfonline.com/doi/abs/10.1163/156939394X00597?journalCode=tewa20
https://doi.org/10.1063/1.333226
https://doi.org/10.1063/1.333226
https://doi.org/10.1063/1.333226
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://doi.org/10.1103/PhysRevLett.66.1240
https://doi.org/10.1103/PhysRevLett.66.1240
https://doi.org/10.1103/physreva.46.6513
https://doi.org/10.1103/physreva.46.6513
https://www.sciencedirect.com/book/9780126398458/introduction-to-wave-scattering-localization-and-mesoscopic-phenomena
https://www.sciencedirect.com/book/9780126398458/introduction-to-wave-scattering-localization-and-mesoscopic-phenomena
https://doi.org/10.1103/PhysRevLett.65.2602
https://doi.org/10.1103/PhysRevLett.65.2602
https://journals.aps.org/pr/abstract/10.1103/PhysRev.67.107
https://journals.aps.org/pr/abstract/10.1103/PhysRev.67.107
https://journals.aps.org/pr/abstract/10.1103/PhysRev.67.107
https://doi.org/10.1063/1.1724272
https://doi.org/10.1063/1.1724272
https://doi.org/10.1063/1.1724274
https://doi.org/10.1063/1.1724274
https://journals.aps.org/pr/abstract/10.1103/PhysRev.85.621
https://journals.aps.org/pr/abstract/10.1103/PhysRev.85.621
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://journals.aps.org/pr/abstract/10.1103/PhysRev.67.107
https://journals.aps.org/pr/abstract/10.1103/PhysRev.67.107
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://doi.org/10.1046/j.1365-246x.1998.00398.x
https://doi.org/10.1046/j.1365-246x.1998.00398.x
https://doi.org/10.1046/j.1365-246x.1998.00398.x
https://doi.org/10.1103/RevModPhys.71.313
https://doi.org/10.1103/RevModPhys.71.313
https://doi.org/10.1103/RevModPhys.71.313
https://iopscience.iop.org/article/10.1070/PU1971v013n05ABEH004213
https://iopscience.iop.org/article/10.1070/PU1971v013n05ABEH004213
https://iopscience.iop.org/article/10.1070/PU1971v013n05ABEH004213
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
file:///F:/Journal/JMRR/JMRR%20vol%202/JMRR%202-1/JMRR-%20Ai/The nature of the Mohorovi�i<0119> discontinuity
file:///F:/Journal/JMRR/JMRR%20vol%202/JMRR%202-1/JMRR-%20Ai/The nature of the Mohorovi�i<0119> discontinuity
https://doi.org/10.1016/0165-2125(86)90031-4
https://doi.org/10.1016/0165-2125(86)90031-4
https://doi.org/10.1063/1.525164
https://doi.org/10.1063/1.525164
https://doi.org/10.1063/1.525164
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
file:///F:/Journal/JMRR/JMRR%20vol%202/JMRR%202-1/JMRR-%20Ai/The diffraction of elastic waves and dynamic stress concentrations, a report prepared for United States Air Force Project Rand
file:///F:/Journal/JMRR/JMRR%20vol%202/JMRR%202-1/JMRR-%20Ai/The diffraction of elastic waves and dynamic stress concentrations, a report prepared for United States Air Force Project Rand
file:///F:/Journal/JMRR/JMRR%20vol%202/JMRR%202-1/JMRR-%20Ai/The diffraction of elastic waves and dynamic stress concentrations, a report prepared for United States Air Force Project Rand
https://doi.org/10.1017/S0022112007005678
https://doi.org/10.1017/S0022112007005678
https://inis.iaea.org/search/search.aspx?orig_q=RN:9392193
https://inis.iaea.org/search/search.aspx?orig_q=RN:9392193
https://inis.iaea.org/search/search.aspx?orig_q=RN:9392193
https://inis.iaea.org/search/search.aspx?orig_q=RN:9392193
https://doi.org/10.1109/TAP.1961.1145064
https://doi.org/10.1109/TAP.1961.1145064
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://doi.org/10.1103/physreve.51.5701
https://doi.org/10.1103/physreve.51.5701
https://doi.org/10.1103/physreve.62.6052
https://doi.org/10.1103/physreve.62.6052
https://doi.org/10.1103/physreve.62.6052
https://doi.org/10.1103/physrevb.52.919
https://doi.org/10.1103/physrevb.52.919
https://doi.org/10.1103/physrevb.52.919
https://doi.org/10.1121/1.415221
https://doi.org/10.1121/1.415221
https://doi.org/10.1121/1.415221
https://arxiv.org/ct?url=https%3A%2F%2Fdx.doi.org%2F10.1046%2Fj.1365-8711.2003.06321.x&v=7d05f1ee
https://arxiv.org/ct?url=https%3A%2F%2Fdx.doi.org%2F10.1046%2Fj.1365-8711.2003.06321.x&v=7d05f1ee
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://doi.org/10.1046/j.1365-8711.2003.06321.x
https://doi.org/10.1046/j.1365-8711.2003.06321.x
https://doi.org/10.1046/j.1365-8711.2003.06321.x
https://doi.org/10.1063/1.480255
https://doi.org/10.1063/1.480255
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://link.springer.com/article/10.1007/BF02754339
https://link.springer.com/article/10.1007/BF02754339
https://doi.org/10.1029/RS006i011p00991
https://doi.org/10.1029/RS006i011p00991
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress

www.innovationinfo.org

157.

158.

159.

160.

161.

162.

163.

164.

165.
166.
167.

168.

169.

170.

171.

172.

173.

174.
175.

176.

177.

178.

179.

180.

181.

182.

Frankel T (2011) The Geometry of Physics: An Introduction. Cambridge
University Press.

Capon J, Berteussen KA (1974) A random medium analysis of crust and
upper mantle structure under NORSAR. Geophys Res Lett 1: 327.

Flatte SM, Wu R-S (1988) Small-scale structure in the lithosphere and
asthenosphere deduced from arrival time and amplitude fluctuations at
NORSAR. ] Geophys Res 93: 6601.

Levander R, Hobbs RW, Smith SK, England R, Snyder DB, et al. (1994)
The crust as a heterogeneous ‘optical’ medium or ‘crocodiles in the mist’.
Techtonophys 232: 281.

Chernov LA (1960) Wave propagation in a random medium. Dover
publications, New York.

Carcione JM, Cavallini F (1995) Attenuation and quality factor surfaces
in anisotropic-viscoelastic media. Mech Mater 19: 311.

Kozlovskaya E, Janik T, Yliniemi ], Karatayev G, Grad M (2004) Density-
velocity relationship in the upper lithosphere obtained from P-and
S-wave velocity models along the EUROBRIDGE’97 seismic profile and
gravity data. Acta Geophys Polon 52: 397.

Kennett BLN (2001-2002) The seismic wavefield: vol. I, Introduction
and theoretical development, vol. II, Interpretation of seismograms on
regional and global scales. Cambridge university press.

Pilant WL (1979) Elastic waves in the Earth. Elsevier.
http://www.gfz.hr/sobe-en/discontinuity.htm.

Steck LK, Phillips WS, Mackey KG, Begnaud ML, Stead R], et al. (2008)
Seismic tomography of Pg and Sg/Lg and its use for average upper
crustal structure in Eurasia. LA-UR-08-04628.

Steck LK, Phillips WS, Mackey K, Begnaud ML, Stead R], et al. (2009)
Seismic tomography of crustal P and S across Eurasia. Geophys ] Int
177: 81.

Huang RQ, Wang Z, Pei SP, Wang YS (2009) Crustal ductile flow and
its contribution to tectonic stress in Southwest China. Tectonophys
473:476.

Abdelwahed MF, Zhao DP (2007) Deep structure of the Japan subduction
zone. Phys Earth Planet Inter 162: 32.

Mackey KG, Fujita K, Harste HE, Steck LK (2003) Seismic regionalization
in Eastern Russia. 25% Seismic Research Review-Nuclear Explosion
Monitoring: Building the knowledge base.

https://en.wikipedia.org/wiki/Conrad_discontinuity.

Litak RK, Brown LD (1989) A modern perspective on the Conrad
discontinuity. Eos 70: 713.

Claerbout JF (1985) Imaging the Earth interior. Blackwell Science Inc.

Lines LR, Treitel S (1984) A review of least-squares inversion and its
application to geophysical problems. Geophys Prospect 32: 159.

Muller T (2001) Seismic pulse propagation in statistically heterogeneous
geological structures. Freie Universitat Berlin.

Goff JA, Holliger K, Levande A (1994) Modal fields: a new method for
characterisation of random seismic velocity heterogeneity. Geophys Res
Lett 21: 493.

Muller G, Roth M, Korn M (1992) Seismic-wave traveltimes in random
media. Geophys ] Int 110: 29.

Blanchette-Guertin J-F, Johnson CL, Lawrence JF (2015) Modeling
seismic energy propagation in highly scattering environments. ]
Geophys Res Planets 120: 515.

Fleury C (2012) Wave propagation in complex media, scattering theory
and application to seismic imaging. Colorado School of Mines.

Kakeshita T (2013) Progress in advanced structural and functional
materials design. Springer.

Rubow KL (2009) Porous metal for aerospace. Adv. Mater. Process.
167: 26.

183.

184.

185.

186.

187.

188.

189.

190.

191.

192.

193.

194.
195.

196.

197.

198.

199.

200.

201.

202.

203.

204.

205.

206.

Ehlers W, Blum ] (2002) Porous Media: Theory, Experiments and
Numerical Applications. Springer, Berlin.

Nakajima H (2010) Fabrication, properties, and applications of porous
metals with directional pores. Proc Jpn Acad Ser B 86: 884.

Wen CE, Mabuchi M, Yamada Y, Shimojima K, Chino Y, et al. (2001)
Processing of biocompatible porous Ti and Mg. Scrip Mater 45: 1147.

Yavari SA (2014) Porous titanium for bone substitution: mechanobiology
meets surface science. Sharif University of Technology.

Miao XG, Sun D (2010) Graded/Gradient Porous Biomaterials. Mater
3:26.

Chen Y-] (2009) Relationship between ultrasonic characteristics and
relative porosity in Al and Al-XSi alloys. Mater Trans 50: 2308.

Sayers CM, Smith RL (1982) The propagation of ultrasound in porous
media. Ultrasonics 20: 201.

Gubernatis FE, Domany E (1983) Effects of microstructure on the
speed and attenuation of elastic waves: formal theory and simple
approximation. Rev Prog Quant Nondestruct Eval 2A: 833.

Kawahara ], Ohno T, Yomogida K (2009) Attenuation and dispersion
of antiplane shear waves due to scattering by many two-dimensional
cavities. ] Acoust Soc Am 125: 3589.

Rose H (1987) The effect of nonspherical pores and multiple scattering
on the ultrasonic characterization of porosity. Rev Prog Quant
Nondestruct Eval 6A: 1419.

Yadav D, Bauri R, Kauffmann A, Freudenberger ] (2016) Al-Ti
particulate composite: processing and studies on particle twinning,
microstructure, and thermal stability. Metall Mater Trans A 47: 4226.

https://en.wikipedia.org/wiki/Aluminium_bronze.

Fichtner A (2011) Full seismic waveform modelling and inversion.
Springer-Verlag, Berlin Heidelberg.

Bossy E, Talmant M, Laugier P (2004) Three-dimensional simulations
of ultrasonic axial transmission velocity measurement on cortical bone
models. ] Acoust Soc Am 115: 2314.

Taflove A, Hagness SC (2005) Computational Electrodynamics: The
Finite-Difference Time-Domain Method. Artech House.

Chekroun M, Marrec LL, Lombard B, Piraux ], Abraham O (2009)
Comparison between a multiple scattering method and direct numerical
simulations for elastic wave propagation in concrete, in Ultrasonic Wave
Propagation in Non Homogeneous Media. Springer-Verlag, Berlin.

Liu DL, Turner JA (2017) Numerical analysis of longitudinal ultrasonic
attenuation in sintered materials using a simplified two-phase model. |
Acoust Soc Am 141: 1226.

Ihlenburg F (1998) Finite Element Analysis of Acoustic Scattering.
Springer.

ZengF, Agnew SR, Raeisinia B, Myneni GR (2010) Ultrasonic attenuation
due to grain boundary scattering in pure Niobium. ] Nondestruct Eval
29:93.

Zhang XG, Simpson WA, Vitek JM, Barnard D], Tweed L], Foley ] (2004)
Ultrasonic attenuation due to grain boundary scattering in copper and
copper-aluminum. ] Acoust Soc Am 116: 109.

Kinra VK, Ker E, Datta SK (1982) Influence of particulate resonance
on wave propagation in a random particulate composite. Mech Res
Commun 9: 109.

Kinra VK, Petraitis MS, Datta SK (1980) Ultrasonic wave propagation in
a random particulate composite. Int ] Solids Struct 16: 301.

Thompson RB, Lopes EF (1984) The effects of focusing and refraction
on Gaussian ultrasonic beams. ] Nondestruct Eval 4: 107.

Margetan FJ, Thompson RB, Lerch TP (1999) An analytical
approximation for a common ultrasonic grain noise diffraction integral.
Rev Prog Quant Nondestruct Eval 18: 45.

J Multidis Res Rev 2020


https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://doi.org/10.1029/GL001i007p00327
https://doi.org/10.1029/GL001i007p00327
https://doi.org/10.1029/JB093iB06p06601
https://doi.org/10.1029/JB093iB06p06601
https://doi.org/10.1029/JB093iB06p06601
https://doi.org/10.1016/0040-1951(94)90090-6
https://doi.org/10.1016/0040-1951(94)90090-6
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://doi.org/10.1016/0167-6636(94)00040-N
https://doi.org/10.1016/0167-6636(94)00040-N
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://doi.org/10.1111/j.1365-246X.2009.04109.x
https://doi.org/10.1111/j.1365-246X.2009.04109.x
https://www.researchgate.net/deref/http%3A%2F%2Fdx.doi.org%2F10.1111%2Fj.1365-246X.2009.04109.x
https://www.researchgate.net/deref/http%3A%2F%2Fdx.doi.org%2F10.1111%2Fj.1365-246X.2009.04109.x
https://doi.org/10.1016/j.tecto.2009.04.001
https://doi.org/10.1016/j.tecto.2009.04.001
https://doi.org/10.1016/j.tecto.2009.04.001
https://doi.org/10.1016/j.pepi.2007.03.001
https://doi.org/10.1016/j.pepi.2007.03.001
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://doi.org/10.1029/89EO00223
https://doi.org/10.1029/89EO00223
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://doi.org/10.1111/j.1365-2478.1984.tb00726.x
https://doi.org/10.1111/j.1365-2478.1984.tb00726.x
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://doi.org/10.1029/94GL00311
https://doi.org/10.1029/94GL00311
https://doi.org/10.1029/94GL00311
https://doi.org/10.1111/j.1365-246X.1992.tb00710.x
https://doi.org/10.1111/j.1365-246X.1992.tb00710.x
https://doi.org/10.1002/2014JE004654
https://doi.org/10.1002/2014JE004654
https://doi.org/10.1002/2014JE004654
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://doi.org/10.1016/j.pmatsci.2006.09.001
https://doi.org/10.1016/j.pmatsci.2006.09.001
https://doi.org/10.1016/S1359-6462(01)01132-0
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://doi.org/10.2320/matertrans.M2009179
https://doi.org/10.2320/matertrans.M2009179
https://doi.org/10.1016/0041-624X(82)90019-1
https://doi.org/10.1016/0041-624X(82)90019-1
https://doi.org/10.1016/0165-2125(84)90048-9
https://doi.org/10.1016/0165-2125(84)90048-9
https://doi.org/10.1016/0165-2125(84)90048-9
https://doi.org/10.1121/1.3124779
https://doi.org/10.1121/1.3124779
https://doi.org/10.1121/1.3124779
https://www.researchgate.net/deref/http%3A%2F%2Fdx.doi.org%2F10.1007%2F978-1-4613-1893-4_160
https://www.researchgate.net/deref/http%3A%2F%2Fdx.doi.org%2F10.1007%2F978-1-4613-1893-4_160
https://www.researchgate.net/deref/http%3A%2F%2Fdx.doi.org%2F10.1007%2F978-1-4613-1893-4_160
https://www.springerprofessional.de/en/al-ti-particulate-composite-processing-and-studies-on-particle-t/10258000
https://www.springerprofessional.de/en/al-ti-particulate-composite-processing-and-studies-on-particle-t/10258000
https://www.springerprofessional.de/en/al-ti-particulate-composite-processing-and-studies-on-particle-t/10258000
https://en.wikipedia.org/wiki/Aluminium_bronze
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://doi.org/10.1121/1.1689960
https://doi.org/10.1121/1.1689960
https://doi.org/10.1121/1.1689960
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://doi.org/10.1121/1.4976065
https://doi.org/10.1121/1.4976065
https://doi.org/10.1121/1.4976065
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://link.springer.com/article/10.1007%2Fs10921-010-0068-2
https://link.springer.com/article/10.1007%2Fs10921-010-0068-2
https://link.springer.com/article/10.1007%2Fs10921-010-0068-2
https://www.researchgate.net/deref/http%3A%2F%2Fdx.doi.org%2F10.1121%2F1.1744752
https://www.researchgate.net/deref/http%3A%2F%2Fdx.doi.org%2F10.1121%2F1.1744752
https://doi.org/10.1016/0093-6413(82)90008-8
https://doi.org/10.1016/0093-6413(82)90008-8
https://doi.org/10.1016/0093-6413(82)90008-8
https://doi.org/10.1016/0020-7683(80)90083-9
https://doi.org/10.1016/0020-7683(80)90083-9
https://link.springer.com/article/10.1007%2FBF00566401
https://link.springer.com/article/10.1007%2FBF00566401
https://link.springer.com/chapter/10.1007/978-1-4615-4791-4_5
https://link.springer.com/chapter/10.1007/978-1-4615-4791-4_5
https://link.springer.com/chapter/10.1007/978-1-4615-4791-4_5

www.innovationinfo.org

207. Fridk M, Counts WA, Ma D, Sander B, Holec D, et al. (2012) Theory-  209. Gammon FM, Briggs RD, Packard JM, Batson KW, Boyer R, et al. (2004)
guided materials design of multi-phase Ti-Nb alloys with bone-matching Metallography and microstructures of titanium and its alloys. ASM
elastic properties. Materials 5: 1853. Handbook.

208. Zhou YL, Niinomi M (2009) Effects of Nd content on the dynamic elastic
modulus and mechanical properties of Titanium-Neodymium alloys.
Mater Trans 50: 368.

Citation: He H (2020) Multiple Scattering Theory for Heterogeneous Elastic Continua with Strong Property Fluctuation: Theoretical Fundamentals and Applications.
J Multidis Res Rev Vol: 2, Issu: 1 (04-56).

J Multidis Res Rev 2020


https://doi.org/10.3390/ma5101853
https://doi.org/10.3390/ma5101853
https://doi.org/10.3390/ma5101853
https://doi.org/10.2320/matertrans.MRA2008260
https://doi.org/10.2320/matertrans.MRA2008260
https://doi.org/10.2320/matertrans.MRA2008260
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress
https://www.innovationinfo.org/journal-of-multidisciplinary-research-and-reviews/articles_inpress

	Title
	Article Information
	Abstract 
	Introduction
	Theoretical Fundamentals 
	Table 1
	Table 2
	Table 3
	Table 4
	Table 5
	Table 6
	Table 7
	Table 8
	Table 9
	Table 10
	Table 11
	Table 12
	Table 13
	Table 14
	Table 15
	Table 16
	Table 17
	Table 18
	Table 19
	Figure 1
	Figure 2
	Figure 3
	Figure 4
	Figure 5
	Figure 6
	Figure 7
	Figure 8
	Figure 9
	Figure 10
	Figure 11
	Figure 12
	Figure 13
	Figure 14
	Figure 15
	Figure 16
	Figure 17
	Figure 18
	Figure 19
	Figure 20
	Figure 21
	Figure 22
	Figure 23
	Figure 24
	Figure 25
	Figure 26
	Figure 27
	Figure 28
	Figure 29
	Figure 30
	Figure 31
	Figure 32
	Figure 33
	Figure 34
	Figure 35
	Figure 36
	Figure 37
	Figure 38
	Figure 39
	Figure 40
	Discussion 
	Conclusion
	References 

